
CHAPTER III~ 

- 60 -

IRREDUCl}-'1.2 TENSOR RCPR.2E3EJ'TT.!\TIONS OF GL(n), 

SL( n) 9 U( n) ,:,nd SU( n) 

In this ehapter we eonctruct tlw irred~;~cible tensor repre-

sentations of the ful:L line~n~ groUlJ and certain of i ts sub-

groups by specializing t:1e reciprocity estahlished in Theorem 3 

of Chapter II to a reci:~1roci ty bet\, een GL(n) and the symmetrie 

group S . n 

Let V be an n-dimensional vector space over a field \{) 

of characteristic 0. Let G = GL(V) be the group of all in­

vertible linear transfonnations on V. l''or a fixed. m9 let V® m 
®m 

be the m--fold tenDor product of V ".Vi th i t:::;elf; V con--

sists of all tensors 

u = i i /0\ t;0·vi 
vl ® v2 ~.Cl··· 'C..I m 

i 
9 V. 

J 
E V. 

i 

L t r 1 b b . f' v· '''l V @m h.·_-,,_,~ a e l e1 ~ .. o • ? en ) e a aslS o. . 1. 1e [-Jpace ~ 

basis consistin{:S of th~ nm tensors ei1 @.,. (g) ei l ~ i j ~ 
The group G acts on V x m in a nat'lrral ~·ray ( tens~r product 

repre;::;entati.on). If F E G~ -vve let I''® m denote the linear 

transform':d;ion 

n. 

® ~-- I" v11 t;A Fv; t-A. o - f0. Fvmi • u -;> J:' m u = (F ® ... ® F) u = L \!Y ~ \Y · \Y 

i ( l) 

The map}üng F -7 J? ® m definer,J a representc~tion of G in 
®m the tensor snaee V . We shall determine the irredueible 

G-submodules- of V® m. 

vJe attaek this problem indirectly. Let us consider the symmetrie 

group S and the group algebra A == 0 S . For eaeh s E. S we m m m 
ean define the following aetion of s on the space V ®m 

S ( Vl ® .. . c8) V ) = V l ,~ , , . @ V l ( 2) 
m s- (l) ~& s- (m) 
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in other words, the result of applying s to the tensor 

,v, h:\ · ;- r··o--e +'~e l. th fr ct·oi~ v l. "'to t.' ( · )th Vl IC>I••• ~.!S;Vm lS ·uo l1 11-, ,,l _ d~, - i ü üe S l 

place, One inmecliately verifies tha t ( 2) defines a repre-­

sentation of S in V ® m, Lcnd t~·1erefore V ® m becomes a left 
rrc 

A-moclulG. LU e1ement a E A vie'V'Ted r.:t;::; ' linear transformation 

on V ® m, is called s syrm11et:t;'__y_ operr.1~_or on V @ m. Ou.r :fi.rf.:it 
. ®~ 

observation is that the transformations F L c:ül comL'lute 

with the symmetry operators. l"or this it is sufficient to 

E3how 

ancl this j_s obvious from the defini tions 0 Novr A = 0 S is m 
seEü-simple and hence v-re can apply the Tl:eorem 3 of Chapter II 

(X)m 
to determine the irreducible C-submoclules of V -- where 

C = HomA (V ® m ? V ® m) . 

These modules 2cll hLwe the for::-11 eV ® m, -vrhere e is ~/Primitive 
idempotent in 1-\., ond for any prif,,i tive idempotent e in A, 

either eV ~m = 0 or eV ®m is an irreducible C-submodule 

of V ® m. The prirJi ti ve idempotent~3 have all been determined 

in Chapter I. 

Definition~ 

Let 'I' : G _ _____, GL(J'~J) be ::1. represent?.tion of the group G 

in t!"re vector Silace F[ over ~. 'l'he P~-suh~:::pace of Homy:j 011 ,N) 

spanned by all the t 'I' ( x) , x E G ~ Ü3 called the enveloping 

GJ.:ß_E? bra of 'I' • It consü3ts of c~_.ll liGez=tr combinations 

al T(x1 ) + 0 . . + a T(x ) 7 X. E. G ? 0: . E: 9). 
r r l l 

Observe that the elements of the enveloping algebra need not 

be invertible. 

The following lemma sho-vm that the C-submodules of V ® m are 

identical vJi th the G-submodules of V @m . 
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Lemma l~ 

Let C H . ( "'iT @ m V ® m) ,-:, r C __ , 1, J - 1 , :.:: OE!, v , 0 L1en lS ·c112 enve .O}Jlng a ge ora 
A 

of the set of transfor 'latio:nf:. F ® m, P E G. 'l'herefore the 

C--submodules of V ® m are identical vTi th the G~submodules 
of V® m. 

Proof; 

·e show first th~t it is sufficient to prove that any linear 

function cp on C which v:::..nishe;::; on all the F' ® m 9 F' E. G va-~ 
nishes on all of Co Let 'l' :::::0 l F ® m 1 F E G } , f:_ 1 - \ ~· E 

GL(V ®m) ; cp ('I') = 0 ---=) cp ( ({) == 0 } ancl let E denote the 

enveloping algebra of 'r. Glearly T C f_ ( 2 and thus 
r:l .... L --.. c J.. c ,..L c I 
.l _ _, c. .::) <- • But from the definition of c.-

_-L . -L c.J... c ~ 
once CL' C.. E- 1 e:1nd therefore 0 = c 1 7 

1ve hs.ve at 
E_j_J..._ = E..• .Ll.. 

C ..l-.J... __ c c•.L __ .L c 1 

For finite di8ensiona1 linGar spacec ~ . c ~ ~ <-

provcn. 

Let ({ E C ; tlwn '({ is descrilJed by i ts coefficients 

... ' i ) L1 
~-

== ~ 

in a ba0is 9 •;here 

i 19 •.. , i ). It is easy to verify that '6E: Cis equivalent 
m 

to the conditions 

Y(jl, ... ,jm; il, ... ,i) =v'(j l , ... ,j l ; 
0 - m o ~ ( ) ""- ( ) s l ...., m 

i l , ... i 1 ) 
s- (1) s- (m) 

(3) 

A lineC:tr fw.'lctione:ü on C asr.irns to each 't E C an element of 

~ gi ven by v -;> L o: ( j 1 , ... , j ; i 1 , ... 9 i ) V ( j 1 , ... j ; o m m a m 
i 1 , ... , i ) where the o.. 1 s 3.re fixed eler.1ents of 0 assu.rned 

m 
wi thout los;:; of generali ty to fulfill the syn11netry conditions ( 3). 

If we :put F ei = 2_ e j 1 ji then by assum:;tion 
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Let us renane the ( 't: \ calling them A 1 , 
t > j i j 

Then (4) can be rewritten &s a polynomial 
l{ -1 

( kl . 0 0 'k 2) /\ l ... 
n 

)._ 2 • 
n 

k 2 
.., n 
1\... " = 0 c.. 

n 
( 5) 

where k1 + ... +k 2 = m and ß (k1 , ... ,k 2 ) is m! I I 
/kl. 0 0 • k 2. 

n n n 

times any one of thE coefficientc a(j1 , ... ,jm; i 1 , ... , im) 

of } jl 11 ... 1 j i in which k1 of the J ji are cqual to 
m m 

/\._ 1 etc. The relation ( 5) holds for all .\ 1 s in ~ for vvhich a 

second polynomial rcüation Q ( A 1 , ... , A_ 2 ) i= 0 holds, 
n 

namely, the relation vhich expresses the fact that the deter-

minant of F is different from zcro. It follows, that in the 

polynomial ring rf; [X1 , ... ,X 2 ] H8 have 
n 

P (X1 , •.. ,X 2 ) Q (X1 , ... ,X 2 ) -- 0. Sincc? Q (X1 , ••. ,X 2 ) f= 0, 
n n n 

we have (~ [X1 , ..• ,X 2 ] is an j_ntet"rc:;,l domain see e.g. v~"n der 
n 

Waerden Algebra I) P(X1 , ... ,X 2 ) = 0 0 Therefore all the coef-

ficients ß (k1 , ... ,k 2 ) = 0, n and we have shown that all 
n 

a(j1 , .•• jm; i, , •.. , i) = 0. This completes the pronf of the 
..L m 

Lemma . 

'I'his Lemraa, tagether \Ü th 1'heorr-=;m 3 of Chapter II nroves the 

following re::mlt ~ 

Theorel11 1 

Let G = GL(V) be the p,enr.;ral linear group on a v(~ctor space V 

over a field of characteristic zero, and let V ®m be the space 

of m-fold ttmsors over V. 'rhe.cl V ® m is a complc_etely reducible 

G-modul8, and the irr8c1uci~J1e G--Sllbwdules are obtained as 

follows. Let e be a prirüi ti ve idcmr)otent in the group algebra 

~ S ; then eV ® m is ei the:r zero or an irr8ducible G--submodule 
m 

of V ® m . All irrcducible G-submodules of V ® m are obtained 
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in this v.;ay. IVior·2over 1 two irreducible G-modu1es eY/ ®m and 

e 1 V ®m are G-·iSOLloryJ:üc Lf and only if e p S and e 1 p S 
m m 

are isomorphic right pj S -ideaL3. 
rn 

Let now p be the cogp1ex fie1d ru. We show that an irreducib1e 

G-modu1e of Theoreg 1 remains irreducible under the action of 

the subgroups SL ( n 1 CL ) , U( n) rmd SU ( n) . 1'his fo11ow:c: 

from GL (n, CL ) ::J SL (n, ([ ) :J SU(n), GL (n 9 a:_ ) => U (n) 

~ SU (n) and the fo11owing 

Lemma 2~ 

\Ii th the notaticns of Le;,rma 1, the s.lgc llra C is the enve1oping 

a1gebra of the set of transformc:,tion U ®m 9 U E SU (n). 

Proof: 
---·-~· 

tie use the same not::::.tions as in th: nroof of Lemma l. In (4) 
the restriction det ( tt; .. ) = 1 

( lJ can bu dro~Jped ( if det ( r i j) = LJ 

-1; 
then 6 n ( t . . ) E SU(n) anc1 iünce the:: equation (4) is homo~ 1 lJ r -1; ) geneaus in the .. vH..; can drop the factors L\ n ; lumce 

lJ 
vre arc;sume that U = ( 'fji) in (4) is unitary. If we change U by 

an infinitesimal amount U -7 U + dU, dU = ( d 't: .. ) we obtain 

from (5) 

J''rom 

we get 

If ~,.;o put 

'SJl 

d 1 ij = 0 ( 6) 

(U + dU)* (U + dU) = n , 
(U*dU)* + U* dU = 0. (7) 

dU= i r ·5U 5U = o ~ .. , 
$ lJ 

( 8) 

equation (7) shows that öU* - ~U i.e. 6U is an arbitrary 

hermi tian matrix. ''C: rewri te ( 6) as 
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)p 
} 'f . . 
- JlJ 

c ,-
- OJ -· 

0 

Since an arbitrary matrix 6ß. . can be wri tten as a cum of a 
lJ 

hermitian and i timt:s a.nother herl!:i ticu:c ;:::tri~: "~t!e ccüclude 

]p 

)rij 
( ~ ik) is non-sine::ular, I'Thich 

hcmd side is a hono~Jeneout:; poly-

•.·rc can rcpedt the c.rgunent to 

conclude ( by ;,1-fo diffcr,.mtiation) t::1at the coe:;fficients ß 

in (5) aro equal to zero. This rroves the 1e@Ja . 

Remark~ 

It can hap >m tlmt inec:ui valent G-subrnodules eV ® m and e 1 V ® m 

bccome eoui valc.mt if wo considor th;~m as modulcs for thG sub-

groups S1(n 7 C) 9 U(n) or SU(n). This will be studied later. 

In Chapter I \·Te havc detcrmined the rrirni tive id1:nnpotents e of 

~ S for which ~ S e is a minimal left ideal. In Theorem l we m m 
need the 'Jrimi ti.ve idS'I;10tGDts for ''Thich c ~ S is a minimal .. m 
right ideal. In order to find these we look at the mapping 

a = L cc( s) s ---7> 
s 

of ~s m 

s s 
" ~ /'- ..A A 

onto ~ 0 . Obvi01.;:nly a = a and ab = bs 0 m 

-1 s 

In other iiords 

a _,... 2~ is an invoJutivc) ;:_mti-isomor!)hism. 1eft ideD.ls are mapped 

onto right icleals and invcrE;ely 0 If L is a mini, ::;,"1 left ide~ü, 
A A 

then 1 is a minimal ri~;ht idee:ü ( shovv tLc t 1 "nd 1 are i_n the 

same two-sidcd ideal). If eisaprimitive idempotent then the 
A 

same is true for e and vice versa. 

Now let ~ 1e a primitive idemrotent such that ~ S e m 
is a minimal left ideal. accordlng to Theorem 14 of Chapter I 

it has thc form 

~ = ·;; t-. pq ,____ q 

p E B.(D) 
q E- C(D) 
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and hence 
~ 2. f -1 -1 2~ f ( ;:. (: ) e == 8 - q_ p :::: q p 9 == <__, -1 . q ,_ 

q q q 
(9) 

This EJOlves tur p:coblem. 

Next we want to characterize the primitive idempotents for 
. (X)m 

1dlnch eV ·-""' = 0. 1:'or a fi:xcd Young diagran1 D? a genoral ele-

t f (D) V \&lm . ..0 th ~ men o- e lS 0.1 e i:Jrm 

) 
( L_ il .. 'i 

F' F t_ qp) F m ® • 0. ® == e(D) = I e. L__ q ll 
il. 0 0 i p E: H(D) 

m C(D) qE 

where F E V ®m. It is conveniGnt to arrangc the indices 

ilo .. i 
f T.\ m D i 1 ... im o l' in e:1n index t::1ble of thEJ same form as 

wi th each nwnber k rE:placed b c ik. If D = ffiJ we find for 

P' = == L c 2 __ 
•···« rJGt 
-t 3 I 1 ( 

' . 
) ( 

';• lz 

= 1- '3 + 
L-

'.t '-1 

F i:, F 
'.2.. '3 r: I, 

\ . • '-1 
~ 

- . . 
-· L --

I_, 12 I ::, 

F -e. @ €' 
I . 1 L 

\-1 I L ~~ 

Proposition~_ 

The idempotunts e with eV ®m = 0 are precisely the ones be­

longing to Young diagrc:-Jns wi til more than n rovm ( n = dim V). 

G . 
l m 
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Proof; 

First v.Te note tha t by ( I , ( 44) ) every tensor P' in eV ® m iE! 

antisymmetric in the co Lwms ~ S e F q 9 
qE:C(D). 

}JGt 110\Y the nurnber r of rovm in D bo big<c'er than n = diJJ1 V, 

il ... i ® 
and let F' = (F' m) be a tensor in eV m with components 

il ... i 
F' m . Let l' , . 0 • 1 r' be tho r numberc; in the fir;::.t co-

lumn of D. Sincc r > n at least ·bw of the i 1 0. 0 1 i in 
l' r' il. , • i 

F' m must be equal. If t donotes the transposition of those 

two numbers, thon clccorc'ling to tl1e abovc remark t F' = - F' . 

il •.. i il .•. i 
On the other hand t docs :cwt aLfcct F' m, honce F' m= 0. 

This holds for overy component ~ plying F' = 0. 

For r ~ n wo consider the special tensor 

··----:r· 
2 

whore Lf1 , ... ,fr] denotos the length's of tho rows of the table. 

Sincc diagrams belont:,ing to th,:: same tabl8 c;i ve isomorphic sub­

modules it is sufficiont to considcr the following spocial dia­

gram D 

D 

p- L p 

p E H(D) 

ap1Jlied to :F' gi vus a nuJnbor different from zoro 
0 

times F0 • Q = ~ [q q 

q E: c(D) 

applieci to F' e;i ves a S'c.lill of different 
0 

terms, ancl since thc. <3. ® ... ® e. are linecJTly independont, 
ll l m 

e(D) F• :f:= 0 provinfz our })YOpo:-=:ütion. 
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CHAPTER IV: s 
m 

1. IrrequciblL<;J..l.~~§_cte:r_~ :f(Jr __ U_(_~ 

In this section we compute the irreducj_ble characters for 

U(n). This is possitle without knowing the representations. 

Let N be an irreduci ble U( n) -module over ([. . \le consider the 

subgroul' D C U(n) consisting of all diagonal trans:formations 

f, 0 
ia · A = ( ) 

~ j t-1 = 1 1 E. = e J 
0 t J J 

h 

1'his group is isomorphic to U(l) X U(l) X • o • X D(l) (n tiF;es). 

Each element of 

mutation of the 

U(n) is conjugate to an element from D. A per­

E. in A leads also to a conjugate elernent. 
J 

Let '}:. be the character of TII. 

is sufficiont to know J\, •n D. 

function on U(l) x ... X U(l). 

bince J\ is a class function, it 

~ ( E 1 ~ ... ~ S m) is a symmetric 

JV1 considered as a U( 1) X ••• X U( 1) 

module is completely reducib1e 1fi th ans-dimensional irreducible 

components. Let v1 ,k = l, ... ,dim J'il 1 be a basis of IVI, lfThich 
K 

adapts this decomposition. Then A vk = fk(a 1 , ... ,an) vk' A E: D. 

The representation property implies 

Clearly I fk I = 1 , hence fk is a primitive character of 

U( 1) X ••• x U( 1). 11ve assume that the rer,resenta tion of U( n) is 

continuous. i'hen fk is a cnntinuous character. Now we use the 

following 

Lemma 1~ 

Let A1 , ... ~An be (topological) abelian groups, then every 

primitive character of A = b.1 x. • • . X An is of the form 

) X. 6- A. 
l l 
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where the X. are primitive characters of the A .. 
l l 

Proof~ ---·-
If ): i is a ~>Jrimi tive character of J\ 1 i ""' 1, •. " n, then ob­

vious1y X= J:. 1 , , . ;.( n is a primitive character of A o Con-· 

verse1y 1 1et 'X be a primi t.i ve character of iL If e 0 is the 
l 

identity e1ement of Ao then 
l 

If we put X 0 ( x 0 ) = j( e1 , o • , , e 0 1 , x 0 , e 0 1 , o o o 1 e ) then 
J J J- J J+ n 

'Y' . is a lJrimi ti ve character of A. and }:. = X..1 . . . X . This 
j\ J J n 

proves the Lern'1 .. la. 

The continuous characters of U(l) are 

X (a) 
iha: = e h E: integers. 

Hence fk (a:1 , ... , a:n) is of the form 

i 

From 

we conc1ude that 'X ( E 1 , •.. , E..n) is a symrnetric po1ynomial in 

the S 0 with positiv integ_c;r coefficients. 
J 

Next vJe need the Haar measure for U( n). Let f be a class func­

tion on U(n) e:md dfA- the Haar measure of U(n):, then (for a proof 
/ 

see H. ·weyl ~ "The Theory gf Grou.P_p_ ar1d~ap.tw:n lVIechanics 11 5 

Dover publications 9 pa{_:'.e 386) ~ 

S f ar ( 1) 

U(n) 
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where 

E " . 
l 

~ - -~ \ ( ~.- t ) ::: 
• I I ({ 
·< ll. 

\rJe asf:;ume that the Haar measure is norma1ized 1 hence c is fixed 

by the equation 

c \ 161 
.J 

2 
d 0::1 ••• d 0: = 1. n 

The expansion of the determinant 6 gives 

n:E:S 
n 

i[(n-1) a1+(n-2)a 2+ ... +o:n_1+o.~nJ 
n: 0 

·where n: permutes a: 1 ~ •.. ~ an. 

po1ynomial of the form 

No1tr 1et p be an antisymmetric 
h1 ... hn 

I i 2_ ~o::k 
Ph h = E. n: 8 ' 

1' · · n n: 

Then 

S d n a ph h ( o: ) pht h/ ( a ) = ( n ! 
1'' · n 1··· n l 

Especia11y we obtain c = [n! (2n:)n]-1 . Jince Xis irreducible, 

we must have 

defined in (2). (4) 

Let r = ( 5) 
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r is an antisynl=tctric }J01ynomial in the 

coefficients 1 henc~ of the form 

E. . wi th intee:er 
J 

I == L 0. p 
hl •.. h hl. 0 .h 

a. E: integers. 
h1,. ,hn 

( h) 
n n 

From (3) (~.) '·''·· obtain 

L == 1 

( h) 

hence for some integers h1 > h 2 ·/ ••• 7 h11 

+ I' "h1 .,. hn 
( 6) 

VJe nu;"r exc1ude the (-) sign in ( 6). F'or this 1 we consider the 

coefficient of the "highestn term on both sides of (6) in the 

sence of fo1lowing orderine: 

/ I 
and 1vhere ( k 1 , ... , kn) > ( k1 , ... , k11 ) if 1 by reading from the 

1eft, the first k. different from k'. is bigper than k' .. 
l l l 

h1 hn 
The :cight hand side in (6) has hig'1.e:=>t term + t.. 1 f..n 

'i:he highest term coming from D in the 1eft hand side of ( 6) 
n-1 n-2 o 

is [ 1 c 2 . • • t n and 1.· has on1y positive integer coef-

ficients. This shows that the (-) sipn in (6) is excluded. 

We arrive at the resu1t that a nriuitive character has neces-

sarily the form 

xh h c [1, ... , 
1' ' · n 

I E.., h1 E._ hn 
= .Jeooz 

I n-J c t -, .. , (..,,1 

( E 1' · · ·' E, n) 

(7) 
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We have sholfm th;~t th8 functions of the form (7) are orthonorma1 

wi th respect to the Haar me:::,sux'o ( see equation ( 3)). F'rom the 

Peter· -Hey1 theory cme ~~nows thej:; the )ri ,i ti ve characters of a 

comrJact group from a complete orthonormal set for tlw class 

functions on the group. ri'hts fact inrp1ies that a11 functions 

of the form (7) are primitive characters of U(n). \1:e vJi11 ob­

tain this rosu1 t below •.ri thout usinp the Petc:or~\ivey1 theory. 

First vJe compute the character of a representation of U( n) cor-

responding to the Young tab1e D = [f1 , ••. , fn] • . Je know that 

thiG Clc.~::c:-·_ cti.:O'T Il .G l1~C ,J,)f~ril] tliG J~C·Y'll (7), 

It is clear that e(D)V®f, f = f 1+ ... + fn is spanned l;y vectors 

e(D) e. ® . o. @ e. which contain at most f. identica1 fac-
ll lf l 

tors ei, otherwiso the application of Q ::= ') [. q q gi ves 

q E C(D) 

zero. On the other hand we have seen that e(D) x0 f 0 for 

x0 = ( e 1 ® . . o 0) e 1 ) ® ( e 2 0$) • , • C>Y e 2 ) ® . . . 

Cloarly 

A €> f e(D) 

t._~_, _ ___,.._,, .. _·-~---· 

X --0 -

f 
l 

f, 
A = ( 

0 

0 . ) . 
[Ir) 

Rene~ the hifhest term in. the chc:,racter Y:: of [ f 1 , ..• , fn] is 

E 1 1 ... E n n. This i1nr;les that the highest term of 6 Xis 

9 o .!,B)]-_e_t e n e s ~ ~ 

f 
[ n 

n 
and thus 

h = f n n (8) 

In (7) the hi are not restricted to have fn j- 0 (the fi are now 

a1ways gi ven by ( 8). If we, ho-vvever, mul tiply the tensor re­

presentation [f1 , •.. ,fn] by (det A)-k, A E U(n), k positive 
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integer, tk: reiJre:::;entetion so obtained is of course c;till 

irreducible ~nd has a character of thc from (7) where the 

h I rr--· . " V h I - h '- t' + 1 t . . th • . are hlV8l1 0 7 • - _. -· K, 8 See nau WO OCl alll lll lS l .. ' l l 
way all continu_g_us ir_reducibl~. !_8E_esentations_ __ 9_:L_·q__cQ.L_ 

'rhe same ar5ument shovJS tha.t if I, -------+~ 

tensor represcntation of U(n) then 

f (det A) n f 1 f 2- f 9 ••• 1 0] gives thc same re-
n n 

preRentation. Hence the 

are the complete system 

tensor representations [f1 , •.. fn_1 J 
of continuous reprcsentations of SU(n). 

Two different Young tablos with fn = 0 ßive inequivalent re-· 

presentations for SU(n). 'rhis can easily be seen from the cha~ 

racter formulc1 ( 7) ( note that E 1 , . o o 9 E n-l are independent 

variables). 

Dimension Formula~ 

The dimension of the representation belanging to the character 

X h .h :Ls equal to x·h b ( 1L). If we take formula ( 7) 
~ l · · · n l · · · .Ln 

then 1-, ( jL) is of the form o/ o. For this reason we adopt the 

following limiting procedure. \~e put o:1 = (n-1) a, a 2 = (n-2), 

•• 0 ' 
o; = 0 a and let n G: _" Oo For a -~ 0 

h1a h 2a 
r::,;a (hl h2) hence for ~ 0 e - G -·· 9 Ct 

n-1 c 1''\..) 11 I [ ,.,., c.., l l (k - i) a 
i<k 

and the ' . -f r;:::::clo o~ the difference ''roclucts in ( 7) becomes 

N [hl ' •• • 'h J ..... n 
= 

I I (h.-hk) 
i< k l ---------- _.. __ ,_~ ......... 
I I (k-i) 

i<k 6 (n-1, ... 1,0) 
(9) 
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For 8U(3) we got for thc representations [h19 h 2 , 0] 

(h1-h2 )(h1-0)(h2-0) 

c 2-1) c 2"=-öTC:t-o~) - = (10) 

The co~plete system of irrcducib1e rerresentations of SU(2) 

is given by [f,O]. This shows that Rll spaces of irreducible 

represento.:tions are a1read:y spanned by symmetric tensors. 

Let us return for ;:: moaent to the fu11 linear group GL( n 9 CL) • 

The tensor ropresentation belongin~ to [f1 , ... ,fn] = [1, ... ,1] 

is obviously the ra,Jresentation A --3:> ( det A). The repre-· 

sentation A 7 ( det h.) k, k posi ti vc int'-:gor, ü..i tho k--fold 

tensor -.~Jroduct of thG rcpn:;;:.;ontc.dion A ----7> det A J.nd hcnce 

must belang to tho tensor rcprei:;entations. 'l'o vJhich Younc tc.b--

le does it belong ? Since ~Jolynomia1 degree is k, we must 

hc:we f 1 + • o o + 

obviously holds 

f 
n 

= k·n. :E'rom the dLwnsion formula ( 9), -v·rhich 

for thc tensor representations of GL(n 9 (L), B .. lBO 

it is c1ear 9 that the only one dimensional reprcsentation with 

this property is f 1 = f 2 = •o• = f = k. n 

Furthermore t~1e rcpresentation A ~ ( det A)k [ f, .. o, f ] is 
.l n 

irreducible and l;elongs to the Young t,•.blc [f1+k,f2+k, ... ,fn+k] 

sj_nce thj_s is true for thc uni tary subgroup U(n). Hence for 

SL( n, <l) we can re::"Otrict ourfwl ves to Young tab1es wi th f = 0. n 

Tvro different Young tab1es wi th f = 0 givc inequivalent n 
irreducib1e representations for SL(n, Q) since this is the 

case for tl1e subgroup SU( n). 

'vle add a further remark. f)ometi'' es i t is useful ( eE3pecially for 
* 3U(3)) to consider the followinc: rcprcsentations. Let V be an 

n-diroensional vcctor space with the following action of U(n) 

A E U ( n) ~ r i --? äik r k 1 ( aik) :::= A 7 
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and consider the U(n) -mod1lle V (g!f. It is obvious frora our earlier 

result tha.t the set Ä0f, A E U(n) 9 gencrates the centralizer 

C = Hom c c\r ~)f, v* 0f) . H~C;nce the U( n) -subrnodules are identical 
er 0f 

with the C-submodulcs and all irreduciblc U(n)-submodules are of 

thc form 

(ll) 

e a priwi ti ve idenpotent. If e b'.üone):-'1 to the Young table 

* [f1 , ... , fn] we denote the repr~scntation (11) by [f1 , ... ,fn] • 

To which character does this represent~tion belong ? Using the 

saJne a.rgmnents as above, i t is c:Bar that the tensor 

* * * * * x 0 - (e1 ®,..®e1 ) (8)(e 2 0 .. o@e 2 )@ ... 
"---:r-----·- '--·--------..",~ -·-

n fn-1 

* * '\~·here ei is a b::csis of V piclm up the highest tern1 9 namely 

f 
n - f - f -f -f -f F n-1 c 1 _ E n ):.' n-1 <;::: 1 

~2 ···Cn - 1 L-2 .•• Gn 

c ]* From this it is obvious that the representation Lf1 , ... ,fn is 

isomorphic to the representation 

If we restriet ourse1ves to SU(n) 9 we conclude that the repre-­

sentation [f1 , ... ,fn_1 ]* is e~uivalent to [f1 , f 1 -fn_1 , .•. 9 f 1 -f2 ]. 

( Draw a picture of thj_s rc1ation). 

Examp1es for SU(3): 

R t.___l 
) 

etc. 
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'vd tllout proof 1 ·we t;i vc:: üow the CD nstruction of all irreducible 

(always finite-dimensional) representations of GL(n, [).Let V 

be an n~dimensional vector space 1'li th vectors f a and consider 

the 11 frn1damen tal" representation of SL( n, ([.) ~ 

A E 31( n, ([ ) ~ 

• 
Beside V consider a secend n-dimensional vector space V witll 

vectors I? • and the :foll o"rinc: action of SL( n, CC. ) ~ 
(_ (), 

A E SL(n,ct) 

'l'hen the following theorem is true ~ ( i. e. 13oorner pac:e 159) 

'l'heorem l ~ 

'l'he ~~1( n, ([ ) submod.ules 

-v ®m {.;; 1 v· 0)m1 e ..c.J e (12) 

where e and e 1 arc rlri1.,iti ve ide;nrlotents of CL S and ct S , be-m m 

irreducible. One getr.; in this way all irreducible continuous 

81( n, <! ) representa tions. Ivloreover, tvlO modules ( 12) are iso~ 

morphic if and only if their corresponding pair of Young tables 

(with f = f 1 = 0) are the same. 
n n 

Remark~ 

If we restriet the representation (12) to SU(n) then it is the 

tensor product representation 
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2. Relation between the Characters of U(n) and S 
------------------- _______________ m 

The corre~pond0nce e~isting between the represen­

tations of 5 m and U(n), r:n:fJ_'ests, that vre can find an ex­

pression for the char~~-.cters of S in terms c:f those of U(n). 
IE 

In the following we shall exhibit such a relation and givc 

a for;mla for thE di"_;er~_sion of an irred-c"cible S - represen­
m 

tation. 

Let V bc a 

r1 = V ®m. 

in III. (l) 

n-dimensional vector :::o_D<J.ce over ([ and let 

If vTe ctefine the action of U( n) rsp. S on r-1 as 
m 

rsp. III. ( 2) , thcn l\1 bccomos a U( n) x S - modul c. 
m 

Let n E. c 
C' A E- U(n). He nm'l calculc.te Tr( nA). nA consi-rn 9 ~ 

dered as an oper~tor in ~' in two different ways. 

a) !0 ~cgin ~ith a decomposition of M into irreducible U(n) x 5 -
m 

modulos 

N = @ (13) 
( r) 

vih8re tJ1e Sl.li:1 runs over 

Appendix to chapter II, 
,_,(r) r:::A rit(r) "'ll"re I,,(r) 111 '-6/ ' 2 lV c li 

all Youn,o; tab1e:::;. As r:;hovm in the 

M(r) is ~scmor~hic to a tensorproduct 

are irreducib1e U(n), S - modu1es m 
respective1y. If we denotc the corresponding characters of 

with X (r) 8.nd of ü(n) >iith x(r) •;Je get 

Tr ( nA) - L 
(r) 

-x (r) 
( n) (14) 

b) Let { e1 , i = 1, ... , n} be a basis for V suchthat 

Ae - S e .. 'l'he charactc:r is a clcJbS f\mction and i t is i -- i l 

therefore enough to considcr 

C' 0 \ A = IN c find at once 
0 IC.. ) 

t1 

s 
m 
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e. 1 ® l -
TI:(l) 

® e. 
l -1 

n:(m) 

The FI:::Ltrix nA vli th rc ect to the basis e. ® 
ll 

diagonal elemonts lf and only if 

i -1 
11: (j) 

:::: i. 
J 

for alJ. j . 

(15) 

0 e. has 
lm 

(16) 

Uc now determino thc s~bspacc 

i -1 = i. 
TI:(j) J 

J~e t ( ~ 1 , ~ ~1 . 

of V ® m with tho property that 

. . . ) bc thu cyc1e decomposition 
'-

of n:. '0'1 certcün G. 
l rn 

i. e. 

the _'JOSl t1.0l1.8 C(1 1 ••• 1 0.. :{
1 

, .. nc.i FÜ, iJ :rly for thc other c~;c1es, 
J Only if i - i = ... = 1 , can (16) bc satisfied. Let 

(c 1 (!:. 2 I" ({ 1 

r.T 01 be thc 

t ep(a1) @ 

sübspace; {-,encr;:..:l:;ecl by thc elc;,,:::;nts 

@ ... ..Y"J r. ( rv ) c 
\C,>• •,; V. \/ ~ 

p (11 

In this subspace ( ~ 1 ) acts "diC:I.;?:,ona1 11 • If we repeat this con­

struction •tri th the ot ...... l;r cyc1es and note that TI:A acts 11 diagona1" 

exact1y in I·; ® I~1 ® vJC fina11y gct '" (S 6') 1 L. n 

II I Ti[ 
(2_ E 

(f 
j) Tr(n:A) - 'L'r (A) I I k 

j 
X,j 

j 
l~=l 

I \ Tr (A'ifj) = ! I v = 
j 

(17) 

j j 

A comparison of the two rcsults for Tr(nA) 1eads to 
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X (r) 
( TI) 

~-... 1 ' ... 9 = t I~-
J 

(18) 

(r) j 

Note that the rieht hand siele of (U3) ir:-; a po1ynomia1 in the 

E 1 ..• Sn" Wehave thus found a re1ation botw0en the characters 

of S and U( n). i th thc h,;lp of the orthogona1i ty re1ations 

for t~e char8"cters X( r) IJC could in princi r>le cxtract an expres-

. f t·· l t .~y- ( r) o f" ~ _ , ·~·.,·, ,.., ' ~ l t d th · b t Slon or ne c 1arac .·crs .../\.. 0 .. .._. :::.:.1C:LL no o lS u 
Ül 

derive instcad a 

s 
m 

The ch2,ractcr 
_( r) 

.D. ( E.1••• E.l}) of U(n) is ~iven by (7) and 

( 8), so that 

\" X (r) ,/'-. II U' (19) L~~ (TI) ph1 ... hn 
--

;._ . ..:-.. j 

(r) .i 

x(r) 
h h 

and iE nq llEtJ_ to _.c i:1 c; coeffici2rlt of E1 
1 

En 
n in ( 1t) 

D II c/ . In ß8ll .ra1 
j 

j 

dimension g .X (r) 
(20) = (11) 

If -vw sct TI = 1L , thcn '() 1 == 'C( 2 = = 'c: m = 1 and 

The 
n 

I\ (/' 
j 

j 

rL·ht 

= 

hand 

I ! I 

! ! 

j 

side 

n n -,- (L Y>1 

( 2.-J Ek) tk 
) "'". -

k=1 k=1 

in (19) thon be?comes 

n-1 n-2 0 

E 1 t_ 2 t_ ) 
n 

k=l 

~ h1 
and ·we have to find thc.:; coef::"ic Lcnt of ._ 1 ... 

expression. ;\f ovJ 

L 
kl ... k n 

k 
~ 1 
'-'1 

E n 

(21) 

h 
n in this 

k 
C n 

n 
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E 
n 

f 
n 

so that to get the clesired term 

g = m~ 

= m! . 

m! 
= 

k. = h. - f. 
l l l 

1 -.-.._._ ----
[ h 1 -· ( n-1) ] ! 

1 ·----_....._ ..... _ 
[h2 -. (n--1) ]! 

. . 
1 

--------·~-

[hn-(n-1)]! 

1 

(h -f )! 
n n 

1 ------
[ h1 -~ ( n -2 ) ] ! 

(22) 

_l_ 

h! n 

h1 ( h 1 --1 ) ••. ( h1 - ( n- 2 ) ) ; . . . ; h1 ( h1 -1 ) ; h1 ; 1 

h2; 

• 

• 

h 0 1 n' 

'rhe e1ements in a fixed row are a1vrays r:oJynomials wi th degree 

descendint· frmn left to right. It is thus possible ( by addi tion 

of multiples of colw.'llns) to arrive at the form 



• 

• 

g = 
h ! 
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n-1 
hl . . 0 " 

h 
n 

1 

1 

which is again a v~n der Monde deterrninant and the final result 

for the dirnension g reads 

m! . II 
i < k 

----~~ ------------~--
hl! .. 0 •• ., 0 • h' n· 

(23) 

g does not depend on the pararneter n. It is in general enough 

to chose for n the number of rovJs in the Young table of the 

representation. But n ~ 2 is a neceS[coary condi tion for the 

validity of the foregoing calculations. 

Ex:~unple: 

r: I+' 
Chose n = 2. Then 

hl = rl + (n-1) = 3 

h2 = r2 + (n-2) = 1 

and g becomes 

:2! ') 
c.. 2 g[2,1] = 3! 1! = 
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CHAPTB~1 V PHY'JIC1i1 1'-J:ll'LICATIONS 

In this chc;;_pter we illustrate the usefulness of the group 

theoretical results developed in the previous chapters for the 

solution of a variety of physical problems. e stsrt with a 

discussion of the (L,S)-terms of a complicated atom. 

1. (L,S) - terms for an ~tom 

Let us consider an atom wi th f electrons. vJe wou1d like to 

c1assify the eigenstates of the Hamiltonian 

H = l 
2 m 

f 

2_ 
i=l 

~2. 
p. 

l 

f 

> + 
L-
i=l i< k 

( 1) 

that is, we consider the case 1vhere the spin-orbi t coupling is 

small and neglect it in a firct approximation. The Hi1bert space 

of f electrons is the antisymmetric part of 

and t_ne syrnmetry group is 0( 3) x S f. r.2he subspace belonging to 

an energy E is the antisyrn:.netric part of 

(2) 

vJhere .r-1 is an irreducible 0( 3) x 5 f - module if the energy is 

not accidentally degenerate. 

Proposition~ 

M has a definite parity. 

Proof; 
-X~ .. ' ~ The pari ty P: --, -~ x comEJ.utes wi th all rotations and 

the elements t -11.. , P ~ form an abelian, cyclic, invariant sub­

group of 0(3); 0(3) ~ 80(3) x ~ ·1L 9 P} . Then according to 

the reasoninr:; on p. 59 we can reduce JVI into a direct sum of blocks 
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such that the rovTs in eoch block transform irreducibly under 

whereas the colwnns transform irreducibly under SO ( 3) X _ ~(f 
~ ~ , 1) J . ri.i is irJ_ educible and theref'ore only one block 

(consisting of one row) can occur. 

~e conclude that ~ is also an irreducible G0(3) X Sf - module. 

Hence we can introduce a basis in M (see ApDendix to Chapter II) 

H = IVI (.6 ,L)~ 

L 
cp 
-L,l 

L 

cp 
1 L 

-( L-1) ,l 
cp 

L,l 

(3) 

L 
cp 

such that the roHs transform all in the same vmy according to 

the repret~entation D(J~) of SO( 3) c0 nd such that the columns trans­

form irreducibly and in the same -vmy according to a repre;;en­

tation ~ of S f" 

2 @f 
In focussing our attention to the module ( ([ ) , vJe first 

remark that we can choos,_, the pari ty OIK:rator equal to 1L a:=; 

lang as we consider only one sort cf particles (hccording to 

Schur' s Lemma, the pari ty opera tor in <I 2 is ± -:ll" An overall 

phase of the parity operator ic, however, arbitrary). The re­

duction of ( ([ 2 ) @ f' 1di th respect to SU( 2) X sf c;i ves 

®f 
(4) 

/_\.' ' s 

In N(.6',S) we introduce a basis similar to the one in (3)~ 



,, 
u (S) 

u u 
-f3,1 >:5,1 

N (.6',S)~ ( 5) 

s s (S) 
u . 0 . . . . u 

-~ D 
-8,t s,t 

~ J 
I I 

6 6. 

Remarks~ 

1.) The Yolh"lg tab1e corrGS}'!Ondj_'l.{! to 6' cannot have more than 

two rows since the rows in (5) snan a representation of SU(2). 

2.) 6 ' is unique1y determined by S. By con;::.;truction, v1e have 

co1lected in a block al1 isomor1)hic SU( 2) -- modules and al1 
c isomorphic u f · modtüe~3. 

Now •rle form 

and looL :for the antisymmetric p;:.::.rt 0 In the io.prendix to this 

chapter we show that the antisymr:1etric representc:Ltion is con­

tained in D. ® /5:.. ' if and on1y if and then exactly once if 

6 ' be1ont:,s to the Young table which is obtained from the one 

corresponding to 6 by interchanging rows and co1umns. "'' e sha11 

cal1 this representation the assnciated representation of ~ and 
rv 

denote it by 6 . 

The considerations so far ~3hovv that an enc;rgy eit:;envalue E has 

a definite parity, a definite 1 and a definite S (if we ignore 

accidental degeneracy). The syrmnetry character ef the space 

function is uniquely determined by the spin S. Its Young tab1e 

cannot have wore than tV<ro colurrms. This is the effect of the 

Pauli-principle. 
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Clearly the el8m0nts 

Q5 (1,0) 
r 

l L 1 
® u s 

<p 
m:G,mS -.fr' m1 ,k m,, ,k 

k=l 
:J 

( 6 ) 

r = dim 6 1 {:: m1 ~ 1 - 8 ~ lnr1 ~ 
C< 

' 1 0 
IJ 

transform uncler n; E S f ( see Appendix) according to ( using 

the uni t2.ri ty of iJ ) 

n; 
---j> 

k k' k" 

= t 
(I,, S) 

n; 

so that (6) f~ives a basis of the antisymmetric part in 

M(6,L)0 N(6,s). 

In order tc obtain the manifold of (1,:,3) - terms of a complicated 

atom one starts with 

H 
0 

l 
2 m 

a Heunil tonian 
f 

) + 
i=l 

V ( r.) 
l 

i 

where V( r) is a scree:ned Coulorr1b-potential 't~hich tal es into 

account the attraction of the nucleus and the averaged repulsion 

of the electrons ( centrc:l field approxiwation). l3y m1i tchinß on 

the full interaction continuously, the w1nifold of (1,D) - terms 

is not changed. In section 6 of the following chapter we show 

that separate shells can be treated independently (the Pauli 

princirüe is not "effective 11 betueen different shells). Thus, 

there remains the task of determining the (L,S) - termo of f 

electrons in a gi ven i3hell. .v e novr apply our group theoretical 

tools to solve this problehl. prohlem can be solved 'id th 

more elementary methods~ tl1e aillount of labour increases rapidly, 
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however, if the nwube:r of uivalent 0lectrons increases; see 

e. g. V an der !;Ja erden; Die Cru:"-,.·entheoretischen Lethoden in der 

Quant erune c hcl.t~~jjc_J_ 

Let us consider a shell with basis cp;. Let V be the space spanned 

by the m :::; e . In OTCLer to deterrnine the (1 7 3)­
@f with terms of f electrons in this shell, we have to reduce V 

(' 

respect to 80( 3) x 0 f, vrhereby only rep:resentC:Ltions of sf are 

allowed which belang to Young tables with not more than two co­

lwnns (Pauli...R,rinciple). 8ince :Jü(3) corrunutes 11/ith Sf' the 

group 80(3) operates by a subg:roup of the centralizer 

c = Horn ([ S 
f 

(V ® f 9 V ® f ) 

:E'rom III. Lemma 2 9 vle know that C is generated by :.:5U( 2 e. + l). 
-- . . th t h d l V @ f · t bl k f . \Je l 1naglne a we ave ecomposec.. ln o oc s o lrre-

ducible ( S f 9 C) - mod1.ües. These modules belonf· to a Young 
'v 

table ft. The spin is given by the associated tcble R and the 

possible L values ar~ given by reducing the irreducible 

representation of 8U(2e + l) uith respect to 00(3). Th 

ding 80(3) C SU(2e + l) is such that the basis vectors 

form under 30(3) acco:rding to 

30(3) .e. cp I = 
m 

rn' 
e 

-e 
D 

Ell.TI 1 

Note that the JVlatrix (l). ! ) iG an Glen:l8nt of 3U( 2 e + 1). 
rnm 

tensor 

•.:~:bQd-

cpe trans­
m 

(7) 

Before discussing the branching SU(2e + l) ~ 80(3) more 

systematically, we work out a simple 

Exrunple: 3 p electrons. 

For p electrons f = l. ~he only allowed tables R are 

R: ---j 
t_l 

C~CI 
!__j 

(not ) . 
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1\.J 
The corresponding R are 

B] 
whose dimensions qs ircc:Jucible (2) reprc~ßntations are 

(by IV.(9)) 4 and 2 re 
( ,__) = e 

ctively, 1e~Jinß to ~in values S = 3;2 

to co c1:oute tne br<';_,nchin:::_~ GU( 3) ,::::) SO ( 3) 

for the te:1.bles rt. :Jince § h8.S rliLJenJion 1 i t contains only 

L = 0. The table 8 hc:'s only ~L = 1 since the dL ension of the 

corresponding 0U( 3) representc:'ction ü-; 3. rl contains obvious1y 

only L = 1. Novr ( ec il['~Jendix to thiu chapter) 

I-I -! (X) :_J .. [] = ( 8) 

Restricting (8) to the subgroup S0(3) C SU(3) 1 vre obtain for 

the left hand side 

= 

1 = 2 1 = l 

which shovrs that the 1-valuerJ of tJ l are 1 = 2 ,1 .• 

With the notation 

2S+l 

X ~~_o-~-H T3+! r~~Jl 
X I s I F I Dl F J • 0 

j ': ~ ! . 

we find the following (JJ,S) - terms of three equivalent p 

electrons: 

4 s 2 p 1 2 D • 
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Decomposi tion of Re.l2J·e;:;:_ent'itio_n_E_ of _8.Q_( n)_h~t::...?_l:~Ee§._~~ta tions 

of SO( 3 )J.. 

Ve describe firGt a genoral meth0d ior the reduction 

su ( 2 e + 1) ~ so ( 3 ) . 

I,at X ( t ·- ~ , . , . , c + e ) be thc character of an irreducib1e 

representG,tion of f.)U( 2 e +1). If we restriet this represenb:<,tion 

to the s·ubgroup SO ( 3) v1e o btain a repre~wntntion \Ü th character 
"' ,e. . ( e --1) e 

( see ( 7 )) Y ( '2,. ) - X ( [. t , , , ; [ ) , Here [ = eicp ; 

cp = rotation 1e ,round z-c:txis. 
( JJ) 

Let A ( [, ) be D -orirr:.i i ve chctrz~cter of SO ( 3). It rkts the form 

L 1+1 ·-L 
(L) L Sm 

[ 2 
~- ( s ) -- = --~-----~~,·- (9) 

[ - l 
m=-L 

11he expanslon of Y( E ) into primitive characters is r.i ven by 

Y( [) = I_ (L) 
X ( c.) (10) 

where a1 is the multip1ici ty of J~ in Y( E, ) ( see next chc::tpter for 

some general results on characters) . 

If we expand Y( S) as 

Y( t:) - I 1 cn 
D (..., n 

n 

and compare with (10) then 

(11) 
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\Je apply this rn.eth:od. first to thc represent;:~tion [TI . 
Evaluation of IV.(7) for CIJ that 

= 2. E. 
l J 

( 12) 

i.(j 

and hence 

Y( [) = > (13) 

1-,-, ( 14) . 

l"or 

X = 

t~e _ :::LCltL~ VlflC;etr .L c re TGC ent;;:,t Lon R the C~lCl.TJ.cter is 

> E . E. . c1(id fron t'üs ~ one finds the J_;---content ~ 
.<::..._ l J 
i<_j 

L= 2e-1? 2e- 3, ·"· 1 l. (15) 

More generally, the character X for the representation belanging 

to 

is X ( EJ''"' E ) - n ~> s . . . . s . ( 16) 
l2 lr 

and the hishest L value for S0(3) becomes 

L = "e + ( € -1) + ., . + ( t - r+ l) = r € -- r ( r-l) ( l 7 ) 
max 2 

vli th multifllici ty 1. Generdl formulas are complicated, but in 

simple exarr1 es Le L-content can r~asi1y be computed. The di·­

mension of the represent~tion (lG) is 



• 

• 

- 90 -

dim = X (:ll) (18) 

This is sometimes usefu1. 

Examp1e: Three d e1ectrons 

The Pau1i princip1e a1lows on1y tab1es 1rri th at most two co1umns 

rV 
The irreducib1e representations of SU(2) corresponding to R1 
and fr2 are characterized by S = 3/2 and S = 1/2 resp ,. We have 

to study the branchin{:, SU(5) .:) S0(3). The highest va1ue of L 

for R1 is L = 3. Since the dimension is 10 and L = 0 obvious1y max 
does not occur (a0 = b0 - b1 = o) the on1y other va1ue is L = 1. 

In the Appendix we show that 

8®0 = (19) 

dim 8 = 10 and wi th ( 15) L = 3 , 1. dim 0 = 5 and L = 2. 

Reduction on the 1eft hand side of (19) gives (if we write L 

instead of D(L)) 5 E9 4 ® (3) 2 @ (2) 2 ~ (1) 2 and we obtain 

for 

EP 2 
L = 5, 4, 3, (2) • 

A >A 
Hence the (L 1 S) -- terms of three d e1ectrons are 

To show how fast the method works 1 we consider also the fo1-

1owing 

Examp1e: Four d e1ectrons 

The allowed Young tables are 

tB 
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so that the spin is f'ound to be (' 

u = 2, s = 1, b = 0 resp .• 'vJe 

first consider R1. Since for SU(5) ~ is the contragredient 

representation of 0 the L content is L = 2e From 

§ ® 0 = § EB [p 
and the a1ready kno-vm 1-content of § we get for 

r=tJ 2 2 u L = 5 1 4 1 (3) , 2, (1) • 

U::>ing 

=EE 
we obtain for 

EB= 
and hence the (L,S) - terms of four d e1ectrons are 

Exercise~ Determine the terms for five d e1ectrons. 
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2. Nuc1ear Spectra in (L~SJ - coup1ing. 

Supermu1 t_i.J2..1ets 

If the nuc1ear forces do not depend strong1y on the srlins, vle 

have essentia l1y the same )ro b1em D.G before - the only difference 

is that the srlin--space has to l)e replaced by the spin ® iso~­

spin~space ([ 4 . The Eilbert sp<.:cce of f nucleon ... s is the anti~ 
symmetric part of 

®f 
( 20) 

The enerf_';'y of a state vdll der,end cri ticaj_ ly on the orbi ta1 

wave function. :,ince the nucle:J.r forces are primarily attractive, 

the energy 'i'Ti11 be 1oi·Tered if the symmetry of the orbi ta1 11mve 

function is increased. Thus, we may expect that the state whose 

orbi ta1 function ha~; the hie,hest symmetry -.;d11 have the lowest 

energy. Since the energy depends only on the orbital function, 

•Hhile the mul tiplici ty depends on the charge--spin function ~ 

each energy level v!ill be a supermul tiplet. Let us first look 

at the isos1ün~spin content of a supermu1 tiplet. \.Je begin wi th 

0 (self--representation of SU(4)). If the elements 

{ ai ; i = 1, 2 } form a basis of ([ 2 , so do the 

t cxi ® cx . ; i, j = 1, 2 ~ of CL 4 • 
J 

SU( 2) ;< SU( 2) is canonica1J.y 

embedded in SU(4) according to 

SU(2) X SU(2) '3 (Ul' U2) Ci,, ® 0:. ) u1ai ® u2aj 
l J 

and l'l"e obtain 

n ( 2. I + 1 ' 
2 s + 1) = (2,2) 

From 0®0 = rn ® B and dim B = 6 (see(18)) 

it fo1lovTS dim li] = 10. Heduction of the 1eft hand side gives 

(2,2) ® (2,2) = (3,3) Eß (1,1) Ei3 (3,1) EB ( 1' 3) 



• 

• 

·- 93 -

and by looking at the di:ensions we get the result 

rn 
8 

By IV.(ll)ff the reDresentation § 
content as (] 1 that is (2 9 2). From 

= 

we obtain 

has the same SU(2) x SU(2) 

EP (2,2) @ (2,4) EtJ (4,2) . 

Using this result and 

® II 
we find 

I I ! l (2,2) ® (4,4). 

This ladder process can be continued. The computation of the 

L values in a shell model proceeds in the same way as for the 

atomic shell model. Here we get in general more terms since 

more than two columns are allowed in the Young tables. 
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3. Quark rl.fode1 

In the quark wodel the mesons are considered as bound states of 

a quark and an antiquark 1 1r1hereas the baryons are considered to 

be bound states of three quarks. Furthermore, one asswnes that 

the q-q forces are independent of the spin and unitary spin. 

Forma11y the difference between the quark mode1 and the super­

mu1tip1et mode1 for nuc1ei which we considered before is that 

we have to rep1ace (L 4 by ([, 6 . 

Let us consider the possible thrce quark states in the spin-
' 

uni tary spin space CL 0 • We have to reduce [] ® 0 ® 0 into 

irreducib1e SU(6) re~resentations and determine their SU(3) X SU(2) 

content. The method is the same as before. 

For the self~repref:-::ent_"tion 0 of SU( 6) we have at once 

0 (dim SU(3), dim SU(2) ) = (3,2) 

From 

0 ® l_j ITJ 
we conc1ude with (18) that dim 8 = 15 and clim rn = 21. 

~:hen 

( 0 s = 1 I 2) ® ( o , 0 = 1 I 2) = ( 0 ® n ,1 I 2 csl I 2J = 

= ( 8 (f) CCJ 1 1 EB ( u) ) = ( n * EB ITJ. 1 1 EB ( o) ) where o 
etc a1ways denotes a SU( 3) representation. 1'hus we obtain 

( 3' 2) ® ( 3' 2) = ( 3* E9 6 ; 3 Eb 1) 

= ( 3*, 3) r& ( 3*? 1) e ( 6, 3) E9 ( 6,1) 

and 

I I l (6,3)@ (3*,1) 

B (6,1) ® (3*,3) 
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Next vTe considcr 

CIJ ® 0 = I I I ® EP ( s e e IV . ( 9 ) ) 

21 ® 6 56 @ 70 

EI ® CJ = § ~ EP 
15 0 6 = 20 @ 70 

On the other hand 

[(6, 3) 0.:) (3i<-,l)] «> (3,2) 

= ( 10 , 4) (!) ( 10 , 2) e ( 8, 4) e 2 ( 8, 2) CB ( 1, 2) 

and 

= ( 10 ' 2 ) -®' ( 8 ' 4) @ 2 ( 8 ' 2 ) G? ( 1 ' 4 ) @ ( 1 ' 2 ) 

\'ie find, by 1ookint c:tt the dimensiol~s, that the only possibility 

is 

I I 56 - ( lU '4) ED ( G' 2) 

§ 20 = ( s , 2 ) EB ( 1 , 4) ( 21) 

EP 70 = (lü,2) ffi (8,4) EB (8,2) G) (1,2) 

\Je also note the resul t 

6®6®6 = 56 EB 2 ( 70) EH 20 

For a more systematic solution of this reduction which makes use 

of the churacters of SU(n) see Macfarlane J.M.P., 1965. 
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By the S8me reason as in the last J)circ:~~g:ra.ph one would e:wsume 

that the lcnvest bound st:Jte of t::nee quarl<.s has a tota11y sym~ 

metric space wave function 9 i. e. a11 oua:r-ks are in rel<:J.ti ve 

s-states. If the q_uarks satisfy the :l!'er:,,i ... Dirac statistics, 

the spin-~uni tary srün wave function [~houlJ then be totally 

antisy1nmetric) i.e. 

§ 20 (8,2) E9 (1,4) 

1 + 3 + 
Since L = 0 in this case, we have a /2 octet and a /2 sinrlet . 

Tlüs solution 11as :)roposed by ~J<:::üd ta, but h-=tr~ to bc ::ll:D.nd oncd f;oon. 

An C'.ttractive idea is to com3ider the representation 56 wi th 

L = 0 for the lowest baryon states. In this case we get a 

1;2 + octet and a 3/2 + decu;)let [ ( 21)]: 

+ 0 0 + 2 ~ ~ 1\ -
1/2 octet~ n,p, 1 L > L 

+ SL -* 
yl * 7 decuplr::t~ 6 _)/2 

1 2 3 4 

0 

The sp2ce function in thü; case nmst be antü;ymmetric and -r,w have 

to assume that the particles in p-st;c tos v-!111 have a lctrger 

bindintS energy than in s-st;,tes. How is this posrc;ible ? 
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APP.GNDIX TO CHAPTBH V 

In this appenclix \Je rleri vo a fc;w reE:ul t;J alre~::.dy used in 

Chapter V. 

Let G be a fini tc crcYLlTJ of order h anc.l let lvi and h' be tvJO 

irreducible G-Jc1odules -.dth character X :<nd 'X.-' respectively. 

Consider the deconposition 

= fT\ m. N. '\:1::7 l l 

into irreducible moclules N. v.rith charncter:::; I. and r:mltipli-
l l 

ci ties m1 . The mul tiplici ties m1 :::~re gi ven by 

m. 
l 

'X 
i 

The antisyiDxctetric repre:;entr:tion of S f is defined by 

( 22) 

5 = TI ----··- ·) S It is one dimensional. 1vi th f = • TI ' 

'Y (-·) = character /\ = e'JT, genera~ing idempotont 
(-) 

e = 

l 

{f! 
and Young table 

~}f. 
Now we spccialize G = S f. The IüUl tiplici ty m (-) of the anti~ 
syrnmetric representation is then 

rn ( -) - _L 
- f! 

(23) 
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Definit ·i_on ~ 

'i'he asuociated re:cre'c;enti'ticm of c-1 gi ven reprcsuntc:.tion 6 of 

S f is defi_ned to bc S timeu the comDlex conjugate matrix !::::,. • TI 

-----7 S ~(TI). 
TI 

Formula ( 22) :3hoi:JE that 

1 if 1\' is the associatccl chcJ-racter of 'X 

0 ctherr,ri3e 

We would like to determine the Your1g tsble of the associated 

represent~tion. Let the oricinal represent~tion be isomorJlliC 

to the minimal left ideal 1 = Ae, A = ([. S f ancl e = 2._ e( s) s 

a ~Jrimi ti ve idem)otent corru3pondin[, tn Young tablo D. 

First we compute the charactor corrosponding to o. Consider 

the pro j ect~i_on 

X ---- ?> g x e g E. s-+> 1 x E A ( 24) 
.L 

of A on 1. \li thin 1 tlliß is just the lrc::ft-,mul tipJication by g. 

On choosinr a coordinste system in A in such a way that the 

first m = dim L vectors s~an the subspace 1, the last (f!-m) 

rows of the matrix corresponding to (24) consist only of zeros; 

hence the trace of the projection (24) of tho total space A is 

equal to the character ?\(g) belanging to e, \Je revJrite (24) as 

X = L. x( s) :::; ~ 
L 

x(s) o(t) g s t 

8 
' 
t 

= ~- ( ) ( -1 -1 ) x s o s g r r. 

[-) 'r 

In com_r:jonents the transforrTtLction is thu;::; 

x(s) ) y(r) = 2 _ e(t-lg-1 r) x(t) 

t 
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and the C t-~1. r~ c· + ,-; ~ /\,/' ( C') l. '"' -,~~ }~., .. o_ "r' (·_'_ -_r·c- r -~-.--' J. c . . CA. j V '-' _L A, ,___ --- ... " '- - - - ' - . 

/(( ) -- l_ 
s 

'.Che element c thc: forrc1 

e = ) 
-'------1 

:P E 11(D) 
q E C(D) 

s.nd from thic 1-'C ;:>ee tho.t X ( g) is rec:tl . 

(25) 

N 
Novv WtJ consillGr thc ic:_cülpoL:nt \1/licll bc;Lont~'l to the dü;_Lram D 

arising from D by interchan~;ing ro1·rs C.ül.cl colw;ms 

N 

e = z EP 

N 

Hence if ~e out e = 

N 
e(s) = 

~Chc character 7\ 

E 
IJ 

-1 
q 

--1 
1) = .c 

E = t. E s p 
1"0 

ing to D is 

q 

thus 

x (g) = L ( -l 
e ,t g t) 

t 

t 

The elements g ~nd 

t 

rx l 
' - ) ~g ..L. 

--1 
g are conjugate in 

~---

~ and 
f 

since 

class-function 1-re final1y obtain 
,____ 

X (g) = E, /\ (g) 
[; 

X is a 

This )rovos tlmt '"j; ( g) L:: , char~cter of the associated re-

preuentation and hencc this representation belongs to the 
rv 

You.ng table D. 
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We give now without proof a recipe Ior the reduction of 

a tensor product oi' h1c irreduc:Lole :~:J(n) ·- rel;r'c',:entations 

into a direct sum of irreduci1üe represcntatiom:~. The 

student interested in the proof should read chapter VI 

anc! then see e. g, :~o binson "representa t:Lon tl~eory of the 

syrmaetric grau~> n. 

e beGirt \rj_ tJ:1 

is J seQuence of the n a's, 

m b's, p c's, ... like aa~bbq~ that to the 1oft of 

any Doint in the s uence there ~re ot less a's than b's, 

and 11ot lef.::s b 1 s t!1cc:n c:': , =md o m• 

for tl1e reci_:::e; ro find the j_r; ed"LJcHüe re;Jresentc:;tions 

in the t enc::or prod ~.xct, dr::~ tile table ior one of the 

facton3 ~ enter in the pro uct. In tablc of the other 

ol, a, to all boxes in the 

first row, the sa.L;e b to all boxes :Ln the ;cJecc.nd row, etc. 

Now attach boxas labeled the l u to the first table 

in all )OS' ible sub j ect to i lle rule that no t•1JO a' s appear 

in the same column and that the reEmltant graph is still a 

YouDe table; rerec:t tlüs l)roces:::-; wi th the b' s 5 etc. Or:e further 

restriction. If, after all ls have been added to the table, 

•,w rec:?:,d the added symbols froni the Tie:,<ü to the left in the 

first roi'T, then in the secend rovT, etc, , the_y rnust form a 

lattice permutation of the a' s, b' r~, .. , • 

:for ~:;u( 3): 

® 



.. L)l 

c;e rewri te t.Gl~' cJ·.) 

• a a 

b 

a a a a 

a a 

a a 

• ( i) ( j) (k) ( 1) 

From (i) 1:!(': 

a E:t a 2v 

b 

b 

CA, c. 

(note t.i1at is not a lattice permutation). 

From (j) we obtain 

• a. 

a b 

b 

From (k) 

a a 

b 

a Cl 
-- 0 tor SU( 3) 

b 
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FY'Oli1 ( 1) 

a 

a b -Cl fcr SU(3) 

b 

• I J--~ IT = Efp=-
l . - _ _I 
I__L_ . 

EB r] ___ f 1 
! I-' 

I~ 
W uni t re re -''::?Ilt'::tion • 

• 
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CHJ1.PT ~H VI .d. _: ' .Ll _jJ 

The concept of tensor product we used in III and V is not general 

enou@:h for the follmvint~. Let lUJ b with a few definitions. 

Let l'l be a ricl"ct module 0.nd H a left Il1odule ovcr an arbi trary 

ring ~ with an idcntity e . Let i be an nbelian group, 

written additively. 

set M x N into P as-
b::::l<J; ;(~~~ nap f of the c~~rtesian product 

to ec.ch p;:ür (!n,n) E 11 x N an eleinent 

f(m,n) E I, ;:-;o tho.t 

f(Et1+m 2 ,n) = f(m1 , rt) + f(r.l 2 ,n) 

f(m,n1+n) = f(<n~n1 ) + f(iri,n) 

f(m,r n) - f(n r,n) 

for all r E H, Fll. E l'1l, n. E .:.'', 
l 

Definition 2~ 

Let f~ H x N --7 

I·'I x lT into the additive abelic.m r;roups l' 

rn 
j_ be balanced maps of 

~ resp .• We say that 

p Euch thz~t f(r:l,n) = f*Lcp(rc,n)] for all (m,n) c. r!I X N. 

In otlwr vwrds 1 f can he f:1etorcd throue,h T if there exists a 

homoraorphism f* 

is corrll-:~utati ve, 

rn 
.L 

r such that the clic.,_gram 

----------------~1 p 
-{ 

f 
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~vJe no-w 

'.l'heoreu l 

a.belian croup T 1' ~:mch tha t 

(l) The e s t(u,n) genernte T, &nd in fact every element 

of f]_l L:) :J GU:::l ~ t ( L:',. 9 n. ) ' r;;. E 1I' n. E. rr. 
l l l l 

( 2) Jve}7 1x_:"lnnced ma~~ of JVl z ~;, into ELn ,;.rbi tru_ry s.telian group 

I· c::.:"n be factcrecl tllrou~:h '~ . 

T'or & prco:C of thi; theorC'Yl ee the alre, Dcnti book of 

Curt j s , :lRe inc?:r. 

Defin:i.tion -_;; ~ 
,..;_;;_:;__ . -------~ 

'J'he grour T constr-llctc~l in 

of M anQ N, 2nd will be dcnotcJ "" ~ 1\T 
1 J \.:;;:;) P.... 1.~ • 

1.1he next rehul t sho,,m t;:;··: tc·:wor ,Toduct is uniquely de--

termined up to iscmcrphism by ~ro]erties (l) ~nd (2) of 

1.1heorerr! l. 

Corollar;1 l 

Let (H (59 1 iJ, t 1 ) be ancthc:;r pair c·:'"L~.ü ting of an a:~>elian group ·-· .tl 
~,-I . 1\11 X iJ --~ 

J ' J. '.... ~· -7 uuch 

that (l) and (2) of ~bscrsm l hold. Then tl1ere eLists a group 
I 

® H N ~Tucl:l that for all 

Proof 

rn t h ' \ . i\j ®x --~_,lJ --~""-Applying lheorem 1, - here exist .omomorpnisms ~ .• _ R ~ ~ 

® f l\T '­
-''-n_J'J~ :~r; ® NT l L Ti ~ 

1\. 
such that 

'\ L t ( I'l n) J L I ( rr V"\ ) -- ... , ·' [ t I ()Cl n ) J - t ( .. , n ) l~- C) ,-. n uc- e I\_ :.'j = l; 1_1 7 .LL ._::-f,_,L'.J. ~ .cl..L 9 . ..~.. -; !i_!_?- 11 D\.:-l_..-c:L u 
'1 -cne 



• 

• 

- 1C'1 -

elej-'l 0 Dt"' r +(r:• ·---) \ 1 G '- 0 L V .;.,_l ~ I ~ j 

, , it follOI;.JfJ 

s J-~ ® N R 

identi ty r:1t1_ @ :!; IT re chc:reforo both 
.LL 

CCJYüll:LYjT iS 1JYOVed. 

'vJe ha.ve defir-:ed the tc.i~30r prcduct rl 0.0 :? N <:J.nd have constructed 
1 .. 

a balanced map l\ x N ------;) 11 GD n. Henceforth \18 l3hi~t11 \{Ti te 
H 

EJ ® n for E_, image o:l:' (jl"l 1 n) L.U1der thiEo map . .. e see tl1at 

(ml + m2) ® n = ml ® n + l'j w n ~ --2 

I':. ® ( '1 + n,) = m @ nl + YTl @ 112 ~-1 
L 

(1) 

m r ® n --- y.-. 
.Ld ® r n 

for .ül m. r l·j n E ·:\i r E lL c ~ ' . 
l l 

1-re are u1tic:8tc iutore~tcd in representstiono 1 we now in-

vestigate tho circu· tr_:.mces 1:;n:'Ier 

over ome ring. ve 

bimodule cvur the r 

le 

if we ~~fine m r ~ r 

P~oposi_tion~ 

. , ·; I 
lS 3. JilOQU_L e 

left S-Iodule and a 

r E ~: , m_ E 1\l ,. 

:'_J "--- -, a -r-·i· r' - -, I" '1• --1 e -'-1--lpn l1 ~'t 0i\ N ~" '-.- _t_C ~L I _._l--~~~-V Ll .... ~. -- '} t_,_~ V . ~ f{ ~ 

is a lfdt ;) ... J'lodule. 

Proof~ 

Let s be e. fix-~d cüc:L1ent of S. '_,_ltc::m the IniilY[ÜD{o, (m,n) -~ sm ®n 

of lVi x N into I': Ql;) [-{ _N lU iJ. ba1anced map, and, by '1':1eo::;__·em l, there 

exists an endomorrllisn: ~3 of TT ®n lJ 

sm ® n. :, e can nCJ'JI cle:f:'ine 1 J~ ()r e:o:.cn s 

s( ". m. ® n.) L l l 

::;uch 

E 

Yl. ) 
l 

(_1 

),_) 9 

tha.t ''4 

SfJ. 
l 

s 
(m ® 

n., 
l 

n) = 
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e:~"nd co•1cludc thc.~.t n ® ,~ lT i.; ~- lcft :=, ·E;Od-:.:,]_r::· ':Ji th rr:r:,oect to this 
L, 

Let ~·.r1 bu cL rif.l'lt L1--uoJ"Llle ;c."~cn tlnt L = 1'.1 Ef] [: 2 :.rhere H1 and T/1 2 
are su~mo ec, ]_ct N bs left R-module. Thon 

dir0:ct clec 

:1L = Til + TI" 

Tl:]_ = I·i1 . 
' 

~3et 6. = TI. @ 1l 
l l 

of Ivi @ Ft_ :iT 1 

11 
l 

+ e 

C. 

2 1 

::ütio~l J'.l 

TI. TI. TI 
j 

TI. 6. 
l J l lj 

~. = Jli2 J.u.l 

i -- 1,;~ +:''en es.ch 

( 2) 9 1 !e have 

e e 
i .i 

e 
i 

= 0 
i..; 

,/ 

TI. 
l 

i 

l. "' 
~· 

1,2. 

o cxü::tence of 

( 2) 

SettinP" 'L'. = 6 (r.I @ ... ; ) , "v!O conclude thc:d; l''T @ R l'J = 'Ll. @ T 2 , 
l i -'.L 

In order to completc the proof, i t is sufficient to sh.ovi 9 for 

·r l -'-~ ~ t '' ~ ,. ~ "·T e- c-_'·.·,_p_-JL]_ --·.r·ovr: eXcJc Ü}J 8' lHlc J 1 1 - ",1 1..6/ _R H' -~ - · · 

that T. has the characteristic ies of a 
.1 

given in Theorem 1. e find a balanced map 

for l;Jhich images l ';)( 1r11 , n) ~ m1 E 1 .. 11 , n E-

and such that every bDlanced mar; g~ h 1 x N ----:} 

through T1 by meanr.s of cp. l~et cJ.s write 

t 

thiE> by ,:;howing 

twu:;or iJroduct r:w 

c· N x Y ---7 T ,"• l l 

J gener;.' t e '.C 1 

} can be factared 

for the matJ:JÜJC cieterwi:t:!.e('l in 'l'hooreiJ J .• Sü1ce T1l1 x N C l'l x N, 
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·· lC7 -· 

sct so 

It is cle~r from G1 = n1M and the defi~ 

that the 

rate T1 . let p. N_ x N 
_o .L 

of rr1 x N unC~er cp cloes 

~ T bc D. balunced 

any additive abe1ian grouo. The botto~ line of 

j_ndeed pene·o 

follo>PTing dia~ 

gram ::',i ves a lJs.lanced '-:18.-,., h x I 1 ~nd so there exists ~ 

ho~nomo r.;:lhi sm ry-1(- " 
b • I·1I @ R N --~/ }' me::kin:S thc 

/ 

Tlf X N ---- ------7 

( Tel X 1L ) 
-'-

Let us ::.~et u~ __ 
'_L 

into P. To comnlutr:;: 

g (() :::: c on ]VI X n. But 1 J '1 

!'/: ~ -'- - \!:;;) I "; -• ' 

.n . 

""-
~ * 

""51' 

""' \i 
N V -"-1 .A 7 

' su 

-~roof ~ :e nec(l only 

+'c.'r nl c. l•ll' n c_ :'J 'l '- '- 1 

This est:blishes th0 re~ult. 

veri:Cy 

VTe bave 

coru.mut. ~t i ve. 

that 

,,e renmrk that i.f 111; == 1111 EB N2 9 c-·.11 thsse be (S,}~)-.. bimodules~ 

and if :N is C:t .left Jl-module 7 then the isoworphism 

obtained in Theorem 2 is ~n is of left 0--modules. 



let N be o 1oft H-mcdule; cince R ic on (R,R)-bimodule, the 

tenc;or :-::r·oduct ~( ® n N is a left 
l"L 

dule. follc;,rLv; remü t 

1"\) 

N = N left R-~nwdule:::;, 

Jlroof. 

'l'he of E x N into N ~ anö. so 

by Theorem l thers exist a l\. ® l iJ --4 
.'.l 

t ':· ( Y' ® n) '"' cn . 

Sl·l~ ~ : '? IL ® }_ 
N Lf-( n) = 1L ® n? n 6 J\' • 

Cloarly <p '+ --· id;::mti tJ on furtherrlwre > 1f CrJ ( r ® n) = 

"-f-(rn) - :1L ® rn - r @ n~ so 

, T'hi "' ·i -,~,l l. '"'"' t' 11·1"t c0 l. c· ,, .- -i c· r··rn o·nr h l. "1'<' n -r ll G{l N _ t...) __ -~.i~-' -·- V "--• C.J, ; . Ü _ • .. l .. \_)' ~c _.. .1. -~ ) __ ..._ j..:J~"l ._) -'-- \..:;) ll on ll ® l N 
h 

unto :J 1 i t is e&::üly roeen to be a:1 1\.~isor:lOr[lhü;;n of left 

}{-~-rnod.ulc;n o 'I'hus the theorerr: is uroved, 

• 



• 

Let F1 anJ N he fini tc.,di,ensicnal 1 eft vectcr ~1p2 ccs over a field 

c:t.s 1oft 

cen e 

@ I' "V IT 
\k 

\K :GlO~lLllef3. 

ll ® 
IK 

t_l<. EB -1 
\k n 1 @ 

\ 

V.) 
]_ 

E9 
EP) 

II< 
IK n s 

:~ s (1 ( 1 1< , n< ) 

"!__l. 
]_ 

y V. 
l 

( r cc ~~ie,s) 

r 

,-
J.,._) 

= d.i.r1 IT 

--- dirn Yf 0 

. t . ' '- . . t ( l ) 1 T n . • c c. "G' -,_ " "-l8 ;~-L OU_-t_~l VJ_ , )T \ _,_ ." .... ~ ..__.~~._--;c: llc<.. t; eYery elemen_t of 

c•. 
OJ_liCe d.Ü:l 

t E1. ® ~ 

l 

1 ~ i ~ r 
l ~ j ~ s 

LI ® II<. 
,, 1 "' j 

o .. E lJ tt< 

s 
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Let H be ;_o E.mlJgroup of a firJ.i tc :; C, ;:md let IK be an :::,rbi_· 

trG.:ry field 0 ,'_11 1i1odulo~c; 1di.1t be f::J.s.::u:ned tc :.Je fini te-dimcm::_;ional 

1\./ c~·"coc• Sl' Y!(_'_ p __ .......... ...--U_i:J.....J... Vf.J o - -

module J.., i::::: also a IK H-~module '·:hieb we f'hc.:;ll clenote by l,H. s:hus 

LH has the Z:E~lile 1..1n:::tr~rJyin.;'"' vector DPace (-=lb l,? but the c1omain of 

left oper,':.tors is lk :~ i.-:lSte:.:Ld of Ii( G. 0:' course? :1 matrix re--

_prc:_,entaticn 'rT __ ,- of F <'ffo~·dp: bv 1 :Ls obtaint?d from a matr:Lx 
l..c -' -· - " -- - -· -~ v H 

representation T of G afforded by L by setting TH = T IH o 

Our ob j Cjcti ve bere ÜJ tc descri be '--'- COJ:l[~t ruction ',!hich ~~ssociates 

~cLi.. th eo.d:c IK H--module 1-~ cn 01 inc:.lcel'1 11 \K lr--r~oci ;cJe r-P 0 

~ H--moJule. Then 

r W (' ''K c r) - - - -cl I_ " T' I ,_c .. i~'·lmcdule' the left 

-moc'inle 

II< -; 

-vv-hich Ü'i c:::~ic~ to be i)Jduced .f-X.Qn' H ._ j__ e r•c:present2.t ion of G 

afforded 
n 

1\/fl__:r 
h is called ''n jndpced r.e.::rreperLt.a:ti an . 

Let us EJt2rt 1.d th c::. 1eft co~~c:t decomrJosi tion 

t = di~ G ove~ ~ 

lkG-

where g1 = ~. Every element of G is exnressible as a oroduct 

b. E 
]_ 

lk ·e--:r n, 
ü. J.rn1c 

H< G 

SO thr-ct 

have 

II<. H 

Using Theoreu 2, ~o obtain 

\k E 

r~. b. , 
"l l 

iK ~"!· -::'od'l_lc·_, ,_.r, _·it_r' 1-,);."' c_-,l· i"; 1l. P p· 7 
" - ' ~- - - c"> l ? • • o 1 c•+ ) • 

---'- c 

lKH ® lkH 
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(3) 

by virtue of the formula 

,,,;rG sition of -· intr \K -subspaces hhich 

c:;.re, i::1. gc):neral, ncj_ther left IK G-modules ncr 11<.. H-submodules 
G N 

of M o l'Tctcc> that, ;ünc•:: gi IK E - IK H a::: :r:L :ht IK H-modules, 

with the lsomorrhism boing ~tven by 

foll o, .. rs that 

\KF C!) lK r: nJ_ lkH 

g.b 
l 
-~) b, 

(\_) 
IT 

by ~heorom 3. Thus :-:i ve:; an isomorphism 

It 

( :li' G over 1:) • d:i.m L 

L .c,. ® U •ri+l ''nir-' ':'11' (ic+nrmi''l"''~l u oi ~ i ··-'-'· ~c.,.- .. j c .• , . '! • ·-··'· l'. 0. 9 

~ I 
follo-v·.r2 tlmt if L r11 , ... 1 nr ) is c:?. lK -basis. 

g. ® IE. 
l ,J 

l 

~·G for J'l 

~ i ~ ·f-
!, l / j ~ :r j ? ~ 

ut j_n j_\.J • 

for l\'f then 

( 4) 

we aro now going to detcrmine a matri~ repre2entation afforded 
C+ 

by M once we know a IJatrix re~resentation afforded by M. 

Sup-pose that, relative to i ts IK --ba.':'is [ m1 1 •••• ,mr j 
thc ~atrix representstion T, so that 

m. ' J 
T(h) =: (o ... (h)) 

]_ J 

J\'l affords 

for h .::_:. H 0 Relative to ihe II< -b::1Bis ( 4) of rii- let UD compute the 
~ J 

matrix repre::::entation U affordr=:;cJ by IV1u. To do this, 1ve must express 
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( r 

g \ t~i C OL~:.biYlC~~t i Cll.f:: of ~he basin elements. 
\,Je may ctn_d f or :?) on1e J:<: 9 

1 .;S k ~ t ' thcm 

1Tow we 

(?1) i:Ll • ) 
J 

--1 

r 

s=l 

(' 

t'k 
r:..;:\ , 
'<.':-1 _,un . 

J 

u: (h) gk @m 
s j s 

h - ~ a ry If we extenct t c:)k )~ c-,i o donJL1j_rl 

of a 
sj 

frOLl H to G :;y ::v-ttin,g (:" .(x) --
~ - s J 

!;f defini ti::m 

G, X rf 1-I, 

lYJ . ) 
1 
•) 

If ~~~TG 

p· ® Y" C)]_ . 119 . . 
gt @ ml' . 

F( \ -..) .:s) == 

I ,_ 

= 

'" 0 ' ;1 

. 
' t 

® n} 9 r 

--, ( ·1- \ '; .. ~ \ - ) - -

r:;:::, ,.,., Cf 
\..!;;:.! 1''1 ' • " 0 9 "'2 

lieG that for oach g ~ 0 

I (il) .... (i,r)l 

I 
-, (j,l) 

I (j,r) 

I 
'dhura T ü--: ext.::nr 1 c~d to a11 G by c:etting T(x) ~"' 0 ior x E:: G, 

x~H. 'l'hu;:1 U(g) i.s rartitioned into '' t x t arrn.y of r x r blocks, 

and the block in thc j tL 1~:1cclc rovl c:.:'d i c;h blocb:· column j_s 
'I' ( _ _,.-1 ,c~ ) 

u. ' f:,. • J . l 

U( g) --

I 
"' 

8J)E; cL" i.ca1ly 

. . . 

...... 
I 

I ( ,- \ 
)) 
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Definition 5o 

If~ is 

JA-G an 

I -P 
. ..l 

thc:' ch.S\r cter Flfforde·) 

induced chsr~cter and 

·b··· Ni '-' ,.lci· lU.. G- thr' t 0 i~ 1\~G T.re Ca· ll .J l .L d...J. \. I --- J C..t. ~' ·-· l 5' "'" 

- , G . . 
:3ay t.tla-L; )'A-- lCi J.nd uc ed from )vt • 

as before the do~ain of definition of t to G by letting ~- vanish 

outside E 

-
J 

'T ( y) -

l 
T(v) 

~ ' y E- H 

0 y f H 

re -1:; ivc o a SUl t~- s a matrix rcpreeen-

:.ivr:.n by 

= X E c 

'J.'he induc 
G 

c:-·Ln'.' cter )-4 cbtainecJ. from this :Jatisfies ~ 

n 
G 

}4 = L 
i=l 

,, 
l ru(x) -

hH 

hH = order of H, X E. 

~--
• ) 

!_ JA-
/ 

t E- c~ 

("' 
,J' 

.,,.,. r"-" ) 

-''- o· ? 
l 

(t-1x t) 

X E G ( 6 ) 

(7) 
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.-.. . Ll4 ~ 

A map w~ G ----> I\( l~'- caJ 1 ecl ~ c:: cw function if 
( ~-1 \ ( ' w t r. t) =-:: cu ;:r)· -

'·--' CJ 1 

::d l;';.Ul tipli c·r ( ·:.) of , Lll cl.::.iiS fc;nc- · 

ion c~u~l to s, the 

1nethod for o 1YC<:~j-~il1{;, frcm c .:.eh g ~ cf(i;) ,•_n induced cla::::~s fn:c:-Lc- · 
(' I 

t i o n ~· G c f ( G- ) • 



• 

We reDinJ the reader that, since the c~sracter of u module de--

result on ch:,ractc~rs •o:i l in1;:.·ly thc corres~;onJiYlL. resul t for 

modules, and vice versa. 

Let W 5 '2 ~-s 

( w' ( ) by 

funct ions on G • De L_ 

1.-. ( ·1 \ V) (X) '-"-' ..L·-; ( \ 

XE:C 

2 an inner product 

l'hen the orthc\;on;:;1i t~r reh:t tion;:~ Cor c:hc:~r::~ctcorD i.mt ly ( J\ ( i) , f' ( j)) 

= 6 .. if y:_(i) c~nci x(,j) sre ;,],~·mber~~ of ·[;h 1=: full fJE:t of irreclu 
lJ 

cible charB.cter3 of G. In particulc<r, -.. ;s hci'~/e the 

and let j-J.... bc:; the 

ir.ner :;nodu.ct 
.,-, ,, ~ . l . • ~ -

l'_: \'.Jl1lC~1 dre 

iri ec-.1~C i r:>le IK. G- :~aodt:le Z . , 
l 

l'(G module I':. Then 

eq_1;:,c:ü to t':-.:.e ·(Jl:unber of compo-~ 

iso~.0rphic to Z .• 
l 

ce:<.11 
r7 

LJ . ' 
l 

l1et j-A be the cllaracter of c.~ IK G- moC:.ule. 't hen )vl \ H denotes tbe 

re:::;triction of JA to the uubgrouD H C.. G. \- e now prove 
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Lc?t H be :::1 S"L1b{;Toup oC C+, ~'.nJ let 'f, E:cf(G), 'lt E cf(H). Then 

( 'Lt I ')( I Tl) == ( 8 ) 

IKG-

U< :1 -· mc1d·c;;,1eE.i, re . , tj~te rnul ti_plici ty of 1..f in rx; I H is the 

t l 1'" .. •t A 0[. "lLG ScUTI8 c1S - .L18 illll .. ·cl;ÜJ.Cl / OI I\ lll T , 

Proof. 
---~ 

fine 1f -cu coincLde 1iTi th '"tt on E - n:l v~ nish r:n:tsü1e IL 'i'he.r~ 

1 

J:i'o:;:· fL:ed x G.. G, 

~1 
x gx. Thus 

( G r;; 1 'lt, ) == T-, . 
J '(} 

1 
-

hT7 
il 

1 
= 

hH 

]_ 

h, 

{:, r;-_, 

l ) 
h, .____ 

11 
xE:.G 

2_ 
.. 

1- (y) 

yE:-G 

2 'Lf(y) 

yE:.G 

~ntG of G, so does 

2__ i-· (y) rj(y)~ 

yE: G 

X C;/) ___ 

----..........-.. --. cn---=•#~ ---

( r::<' ' ( \ \ H) y; 

since "f v;"\r:.islH?S out;<l.de ·:. i'his "ll"'OVPE5 thc theorem. 
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4. Analysis of the Tensor Product of U ( n) -- Eo,lules 
-----··-------·-- ----------·--· -------------

Let 1\. be two irrecl1.JCible reprcJSentations of U(n) correspon-­
l 

ding to Young tables D. wi th f. boxes anU. let L:::.. be the cor--
l l l 

responding repre:oentations of 8f .. Furthermore, let 
l 

m 1\ 
1\ 

(9) 

be the decomposition of the tensorproduct representation 

1\ 1 ® /\2 into irreducible reJ!resenta.tions 1\ wi th multi­

plici ties m 1\ • 

The group sfl X sf2 can no.turf.:)Jly be embedded into sf,f = fl+f2. 

The representcüions 1\. in ( 9) corre c:pond to Young talües D /\ 

wi th f bo:x:eb. \Je also consider the reTJrebentation 6.. A of Sf 

belanging to D 
1\ 

In this section we shall prove the following 

\Vi th the notations introo.uced ·~ 1 ~ove, the mul tipl.ici ty m /\. is 

equc,l to the multir.·!_ici ty of the repreF.entc .. tion ( 6 1 , 1:::.. 2 ) 

of sf1 x Sf 2 in .D./\\s x 3 , and also c~qual to the multi--

fl f2 s 
f 

plici ty of 61\ in the induced renresent:,~tion ( .6.. 19 6 2 ) of 

To prove this, we begin with a few prepar~tions. 

vve require first a useful char~c,cterization of induced modules. 

In this re[~ult, H denotes a subgroup of a finite group G. 
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Lemma l· ________ .. 
Let lJI be a \\( G -· nodule ~;uch that for soi'le tK H -· submodule L, 

r, is Ci direct sun 

= g.1 
l 

where the f gi~ form a set of representatives of the lcft 

cosets of E in G ( G == g1H u u g111 E). Then lVI '\J 1G ccS 

lK G -· modules . 

Using (3), we verify at once thc_ü ~ g. "" h. -·-? 
liD' l 

"' g.h. L ll 

is a 
0. 

\K G ... iso;r,o:r rJhirr: of 1' on to Tl Y ,,,nd Uw JJelnma is :r;roved. 

Since IK G is free over G, '~;re hc:..cve 

J11 = \\'( G 1 

coni:.i:ler the \~ G -- left 

\t\. c .. rncdu1es . 

vii t:1. Lemma l the Corollary is thus rroved o 

Now we consüler au::ün the si tuation of Corollary 2, but asuwll.e 

that 1 is a rninim:::'l 1eft iclezü. 1 h:::u3 the form IK H e' 
' 

Hhere e' 

is a :primitive ic:lemrotent o:r lK. H. Clearly Ivl == IK G e' . In order 

to find thc irreduci IJ le IK._ G <e· submodulcs of TJI, we have to de­

compose e' into a SUtil of orthogonal prirni tive idernpotents of IK G: 

rn 

e' - ~ 
i=l 

e. + . . 
l 

(10) 
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Here \ve have co11ectecl ecLui v2_len t idem,,c,t;nnts ( vJhich gem-:r~~-te 

isOIYlOrilllic 1eft idea1s i;o, \K G) into Daxtial sun1s. 1'he nuinber of 
- ..L ~---~--~---~ ·--···- -~ --~-"'-" 

. d . 1~., ' J . " . t IK G t . - . - ""\._) 18 lrre UClC_;__-_; moau .. es lsomo:con.lc o - e. con alned ln L = 
-------------------------.--.. -- ------ ·-----'---.. ·--- - "l·--~'----- .... ------- .... -----

_i§._§JL':lal ~c_g__m-!. AccoTcling to the reciproci ty theorem of J:i'robenius 

m is a1_§_Q.. _:the:... nu.;:nber o U~Jj_-_ s'~~Ill.C?j.!-l_1_~s~ iJ:?~. IK G e i _ _!:~h::t-_g_h..__~~r_E;_ 

isomorphic to L. 

t1e no•11 a p<üy these results for the particular 

lK (sf1 

the form 

X l.:Jf ) ru ,, 
c.. 

I, -- (el ® 

l-il rv (f\C' 
1 uf -

see ths.t 

In thi.l 

e2) II<, ( sf1 
,. --· ) 1 .h. ;) f ') 

L 

(el Q,:) e2) \K s-"' ' J. 

where "' sre __ ·_:Jrinü-~ivu ic!.e;: +entr-· c-f IK 3 ~i u ' .) )"· f. 
l 

U(n) ·- :ncdules ) i = 1,2, 

·~ e,. \f ® f2 
c 

case H 

case L and h have 

( 11) 

(12) 

The decoml)OSition of e1 ® e 2 iato s_ smn of J:rinütive orthoc;on;_:,_1 

idempotents of \K Sf [':088 pa,ra11e1 V.Jj_-~h the reduction Of the 

U(n) - module (12) into irreducib1e U(n) - submodules. 

This 9 and the ~'-nde:;__~linec~ conclusions cdter formula ( 10) 9 prove 

Theorem 5. 
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5. Couplin§? of lne 'Ui vz-:,_1-ent {r,roups of cüectro:1.2 

I-et us coj_1sider ::TOU}JS Of f.? i = 
l 

e~Lc:ctrons in shells 

(n. 1 e.). Let V. be the 
l l l 

;::pace ::manned by the (~~- + l) one 
l 

p~~trticle st::~.tes of e2.ch shelj 2.Ld let Ei be an Sfi - SlJJ.·modu1e 

of V i ® fi o Furthermore; let M be the ;3f submodule of 

(V1 G;l v2 ) ®f, f = f1+f;~~ (;ener::~t8d by 1, =' li1 @H2 • This is the 

l . I-} 1-TI·I"'l_i)f c aun ·c 1a·c 1v -~ ·'-' • 

subspace of f electrons with f. clectrons 
l 

'[o prcve Cl1iS' let 

=z of) u . 0 • u 
L. 

in L. , 
l 

i = 1,2. \.\ie 

be a decornJositio.t of ,;f into G n X bf" .. left cosets. Now 
:::1 c:. 

lTI 

lVI = \K. Sfi, = ( fT) 

ffi 
(13) 

This sum is dirc=:ct. Y'or this i_t Ü' SL.:cfficient to sho•v- that 

m 

N = L. c;i ( ''1 ® f l ® v 2 @ f 2 

i=l 

is direct o Nmv !'J is the direct SlJ.m of E.1IJC1Ces 

®V. 
l.~ 

I 

(14) 

Hhere n • • 
I . J.ncn_ c es 

l 
e: u2.1 t o i, i - 1 1 2o Hence the dimension 

( fl +f 2) ~ 

fl! f2! 

This proves that the sw:1 ( 14) ::: .. ncl hence ~c~1.e .Jmn ( 13) is direct. 

~Q:UJ2.? __ o_.±~ _e1_EJ_c_~rg_fl_E: __ lJ_e_lO!lJ_:;_ing _i;_o _:L~d'FE-LS_e~_t..:=:.ti_op_s 6_i __ of S 

sf., i = ly2? carries the induced re}Jret~ent;.Jtion (L:J 1 , 6 2 ) f 
~~:...1.--- ··-·-------·-·-------- . ·---- ---- ----- ·-- ............... """ - -- ... - - ----·--------~--

of S ;1-ccor ·lin,o, to tn.e 'l.'heo:cc:. of J:i'ro benius. the irreducible 
---f~...!.. ' ' 
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renrec:;ent.s..tion 6 of ~~ ,. aor)t::arc c-::: mz-,.jl.V timed in this coupled _________ .,. ·-~~·-~-·· ---~----~--~-.-...---~. ~,.._,_._.~--~-'"' ~ .. ---·---~---·. ~-··----~ --- -·· -~ ~ -- ~~,.~--- ~ .. ·--...... -. .... ~· 

r~he I\3.Uli )rinci}>le re,;trictf) th;; 6 I s to those COITesr)onding 

to Younr~ tatles vJi th not l1'ore than two c;::lUJnns. 

\fe nm< c: .. !_I;ÜY tlJese re2ults and 'L'hec,rem 5 to show that the PauJ..i 

~rincirle is ineffactive between two different shells (this is 

one of Hl~YJ.d' s rules) . 

With the notutions used in this section, let (1., S.) be two 
l l 

(L 
/ 

f. electrons in the two shells considered. 
l 

In confic).l:r'0cl;ion SJ:)ace t r ese terüs beleng to repreo= entct tions 
1· 

( D l, ß i) of ( 3) x ;;f .• -~~ow vJe couple thc~~~e t~tro groups of 
l 

electrons. As \·Je h·· ;;.=; se.:;n, in cc>rJfi{:e,Urc: .. tion spc=;.ce the space 

of t:~e coupled s_y;c;tem c::Jrl~i s ti'lc:: re[Jre·.entation 

In tLis slli;t 

1.'2 
D 

' 

I 1 -· JJ I l 2 

EB (DL' 6 ) 

lj,6 

Because of the Pauli 0rinciple, we have only to consider those 

6 belont.:;ing to Youn:·.:; t 1bles wi th not r~ore than two colun:ms. 

Now the mul tiplici ty m b:. of such u !::::. is equal to the multi-

plici ty of ( 6 1 , 6. 2 ) in 6 \ 8 x S . It is easy to show that 
fl f2 

rV /"J 
is then also ecLu<il to the illlJ.lti~":i.ici ty of ( 6 1 , 6 2 ) in 

. Theorem 5 finally pruves that 

[ 
l for \ Sl·- s2 ~ s ~ •,'1 + 02 ~)l 

rv 
) In = ( 0 c ;:Tin belanging to 6 ,,) 0 

6 
0 other~<rise 
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The ( J~ ~ 3) termr:; of t:r-H~ cor:tbi:<'led system are thus 

sense, the ~auli princirle is ifieffective between tha two 

different shells. 

* * -)(· 

• 
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