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Gödel, Escher & Bach

For which triples of letters is this possible?
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particle

subset of 
particles

Fix subsets of the particles

For each subset, given a density matrix

Are these compatible?

H

Si ✓ {1, . . . , N}

⇢Si

9? ⇢{1,...,N} :

trS̄i
⇢{1,...,N} = ⇢Si

The Quantum Marginal Problem

think finite-
dimensional
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min⇢tr⇢H = min⇢

X

i

tr⇢ id⌦ · · · id⌦ hi,i+1 ⌦ id⌦ · · ·⌦ id

h12 h23

= min⇢

X

i

tr⇢i,i+1hi,i+1 = min⇢i,i+1

X

i

tr⇢i,i+1hi,i+1

hi,i+1. . .

compatible!

exp(N) 
variables poly(N) 

variables

hN�1,N. . .

⇢1,2 ⇢2,3 ⇢i,i+1. . . ⇢N�1,N. . .
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• studied since beginnings of quantum theory

• computionally difficult
QMA-complete (Liu, 2006) ⇒NP-hard

• fermionic version
quantum chemistry
QMA-complete (Liu, Ch.& Verstraete, 2007)

• partial understanding 
Pauli principle

The Quantum Marginal Problem

occupation numbers

�i  1

currently in 
quantum 
information and 
computation

S(⇢12) + S(⇢23) � S(⇢2) + S(⇢123)

v. Neumann entropy

Entropy inequalities 
(Lieb& Ruskai 1973, Pippenger 2003)
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Collection of subsets of a set of particles
(overlapping)

Collection of subsets of a set of particles
(non-overlapping)

Fix subsets of the particles

For each subset, given a density matrix

Are these compatible?

⇢Si

9? ⇢{1,...,N} :

trS̄i
⇢{1,...,N} = ⇢Si

Si \ Sj = ;

⇢1,...,N = ⌦i⇢Si

Yes!

what if pure?
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If                             compatible:

Then                       compatible:�̃i := ui�iu
†
i

trī|⇥⇥�⇥| = �i

trī|⇥̃⇥�⇥̃| = �̃i

|�̃⇥ := u1 � · · ·� uN |�⇥

⇢i

⇢1 ⇢2 ⇢N

Goal: characterise compatible � = (�(1), · · · ,�(N)) � RN(d�1)

⇒  compatibility constraints 

depend only on eigenvalues �(i) = (�(i)
1 , . . . ,�(i)

d ) 2 Rd�1

�(i)
1 � �(i)

2 � ... � �(i)
d

One-Body Quantum Marginal Problem
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Warm-Up N = 2

polytopes!

⇒ �A
j = s2j = �B

j

singular values

|��AB =
X

j

sj |ej�A|fj�B

1

2
1

d = 2

�A
1

�A
1 � �A

2

11

3

1

2
d = 3

�A
1

�A
2

�A
1 � �A

2 � �A
3

1

0

0
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polytope! geometry related 
to entanglement!?

N = 3 d = 2

�A
1 + �B

1 = max�A,�B tr⇥A|⇤⌅⇤⇤|A + tr⇥B |⇤⌅⇤⇤|B
= max�A,�B tr⇥AB(|⇤⌅⇤⇤|A � id+ id� |⇤⌅⇤⇤|B)
⇥ max�A,�B tr⇥AB(id� id+ |⇤⌅⇤⇤|A � |⇤⌅⇤⇤|B)
⇥ 1 +max�AB tr⇥AB |⇤⌅⇤⇤|AB

= 1 + �AB
1 = 1 + �C

1inclusion/
exclusion

Eigenvalue Distributions of Reduced Density Matrices

Matthias Christandl, Brent Doran, Stavros Kousidis, and Michael Walter

Contact: mwalter@itp.phys.ethz.ch

Introduction

Eigenvalue Distributions of Reduced Density Matrices

Given a random pure state ⇧ABC , what is the distribution of the

eigenvalues of its reduced density matrices ⌅A, ⌅B, ⌅C?

⌅A

⌅B⌅C ⇧ABC

 probability measure supported on convex polytope (moment polytope)

Motivation

IThermodynamics, statistical physics (Lloyd–Pagels ’88, Hayden–Preskill
’07)  distribution of quantum conditional entropies, typical behavior of
canonical states, . . .

IQuantum marginal problem (Christandl–Mitchison ’04, Klyachko ’04,
Daftuar–Hayden ’04)

MAIN RESULT

Algorithm to compute exact eigenvalue distribution for any number of

particles and arbitrary statistics.

Examples

Pure State of Three Qubits

Higuchi–Sudbery–Szulc ’03:
8
><

>:

⇤A
max + ⇤B

max ⇤ 1 + ⇤C
max

⇤A
max + ⇤C

max ⇤ 1 + ⇤B
max

⇤B
max + ⇤C

max ⇤ 1 + ⇤A
max

1

1

(1, 1, 1)

�
1
2,

1
2,

1
2

�
⇤A
max

⇤C
max

Result

The joint density of the maximal eigenvalues is proportional to

�
a � 1

2

� �
b � 1

2

� �
c � 1

2

�
(
2min{a, b, c} + 1� a � b � c top

2min{a, b, c}� 1 bottom

where a = ⇤A
max, b = ⇤B

max, c = ⇤C
max.

Mixed State of Two Qubits

Mixed state ⌅AB with eigenvalues ⇤1 > ⇤2 > ⇤3 > ⇤4.

Bravyi ’04:
8
><

>:

⇤A
max, ⇤B

max ⇤ ⇤1 + ⇤2

⇤A
max + ⇤B

max ⇤ 2⇤1 + ⇤2 + ⇤3

|⇤A
max � ⇤B

max| ⇤ ⇤1 � ⇤3, ⇤2 � ⇤4

Result

Joint density of the
maximal eigenvalues:

Pure State of Three Bosonic Qubits

⇧ABC ⇧ Sym3(C2)
random pure state

⇤A
max

p(⇤A
max)

1
2

1

Result

The density of the maximal eigenvalue is proportional to
�
⇤A
max � 1

2

� X

k=0,1,2,3

(�1)k+1
✓
3

k

◆�
⇤A
max � k

3

�
+

Illustration of Algorithm

1. Distribution of diagonal entry:

⌅A1,11
2

1

2. Take the derivative:

⇤A
max1

2
1

3. Multiply by v(⇤A
max) = ⇤A

max � 1
2 (volume of corresp. Bloch sphere).

Technique

Notation

I
Peig distribution of eigenvalues of reduced density matrices

I
Pdiag distribution of diagonal entries of reduced density matrices

1⇥ Derivative Principle

Eigenvalue distribution can be obtained from distribution of diagonal entries
by taking partial derivatives in the direction of the negative roots:

Peig = v(⇤)

 
Y

�>0

�⌃�

!
Pdiag

Sketch of Proof

Stationary phase approximation of distribution of diagonal entries is
exact (Duistermaat–Heckman 82) and can be “inverted”.

2⇥ Distribution of Diagonal Entries

IProbability density is volume function of family of convex polytopes

pdiag(⇥
A, ⇥B, ⇥C) = vol {(pijk) : pijk ⌅ 0,

X

ijk

pijk = 1,

X

jk

pijk = ⇥Ai ,
X

ik

pijk = ⇥Bj ,
X

ij

pijk = ⇥Ck }

 classical marginal problem

IPiecewise polynomial function
IAlgorithm for its computation (Boysal–Vergne ’09)

General Algorithm for

Computing Eigenvalue Distributions of

Reduced Density Matrices

�A
1 + �B

1  1 + �C
1 and cyclic

Higuchi, Sudbery&  Szulc 2003
|000i

1p
2
(|000i+ |111i)

|0i 1p
2
(|00i+ |11i)

1p
3
(|001i+ |010i+ |100i)
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Sufficiency
| iABC = a|000i+ b|011i+ c|101i+ d|110i

⇢A = (a2 + b2)|0ih0|+ (c2 + d2)|1ih1|
⇢B = (a2 + c2)|0ih0|+ (b2 + d2)|1ih1|
⇢C = (a2 + d2)|0ih0|+ (b2 + c2)|1ih1|

since pairs differ in 
two positions each, 
local density matrices 
given by convex 
combinations

Ansatz

⇢A = |0ih0|
⇢B = |0ih0|
⇢C = |0ih0|

⇢A = |0ih0|
⇢B = |1ih1|
⇢C = |1ih1|

⇢A = |1ih1|
⇢B = |0ih0|
⇢C = |1ih1|

⇢A = |1ih1|
⇢B = |1ih1|
⇢C = |0ih0|
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Graphically
| iABC = a|000i+ b|011i+ c|101i+ d|110i

map to outer most vertices
of set of diagonal values

of reduced density matrices

eigenvalue polytope 
=first quadrant
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General Algorithm for

Computing Eigenvalue Distributions of

Reduced Density Matrices

|000i

|011i

|101i

|110i
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