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1 Manifolds and Tensor�elds

1.1 Di�erentiable Manifold

A di�erentiable Manifold is de�nded by the following elements:
In the overlap between any 2 charts the change of coordinates is smooth.

dim M = n

Concepts: (de�nded through the charts)

• di�erentiable function f : M −→ R
i.e.
f(p(x)) = f(x) is di�erentiable as a map K −→ Rn (algebra F(M): mult. & add.)

• Fp: algebra of smooth function de�ned in an arbitrary small neighbourhood of p ∈M
f = g if f(p′) = g(p′) in some intersection p' of p

• di�erentiable curves: γ : R −→M

• di�erentiable maps: M −→M ′

Tangent Space: Tp at p ∈M

De�nition: A vector X ∈ Tp is a "derivation"& linear map

X : Fp −→ R

with a product rule
X(fg) = (Xf)g(p) + f(p)(Xg)

In any chart K 3 p

Xf = X if,i(x) where: , i = ∂
∂xi

and

X i = X(xi)
X i : M → R coordinate functions

Proof: f ≡ I ⇒ f = f 2, Xf = X(ff) = 2Xf , Xf = 0
same for f ≡ const suppose p→ x = 0

f(x) = f(0) +
∫ 1

0
d
dt
f(tx) dt

= f(0) + xi
∫ 1

0

f,i(tx) dt︸ ︷︷ ︸
gi(x)

⇒ Xf = 0 + (Xxi)gi(0) + xi |x=0︸ ︷︷ ︸
=0

(Xgi)
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In particular, in any chart:
∂
∂xi

: −→ f,i(x) is a derivaion ∂
∂xi
∈ Tp

⇒ X 6f = xi ∂
∂xi
6f holds for any f(

∂
∂x1 , . . . ,

∂
∂xn

)
is a basis of Tp: canonical basis

(→ dimTp = n)

Directional Derivatives:

Let γ
γ(t)∈M

be a curve through γ(0) = p

γ de�nes X ∈ Tp by

Xf =
d

dt
f(γ(t)) |t=0 f ∈ Fp

In components:

Xf =
∂f

∂xi
∂γ

∂t
|t=0 → xi =

dγi

dt
|t=0

Thus: X ∈ Tp ∈ equiv. classes of "tangent vectors"to curves through p.

Bases of Tp

with respect to bases (e1, . . . , en):
X = X iei

Change of basis:

ēi = φi
kek X̄ i = φikX

k

⇒ X = X̄ iēi = φikφi
l︸ ︷︷ ︸

δkl since valid for every ei
⇒φikφilXk=Xl

Xkel = X lel

⇒ φik =
(
φ−1
)T

i

k

special case:
ei = ∂

∂xi
canonical basis of K

ēi = ∂
∂x̄i

canonical basis of K̄

change of coordinates: x⇔ x̄
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ēi = ∂
∂x̄i

= ∂xk

∂x̄i
∂

∂xk︸︷︷︸
ek

⇒ φi
k = ∂xk

∂x̄i

m

X̄ i = X(x̄i) = xk ∂x̄
i

∂xk
⇒ φik = ∂x̄i

∂xk(
Comparison with a "phyicist"de�nition of vectors: set of components (Xi)

n
)

Cotangent Space: Tp
∗ : dual linear space of Tp

Def.: Covector: ω ∈ Tp∗ is a linear form

ω : Tp → R
X 7−→ ω(X) ≡ 〈ω,X〉 "duality bracket"

(Tp
∗∗ ∼= Tp)

Basis (e1, . . . , en) of Tp
∗ ⇔ ω = ωie

i with components of the covector ωi

In particular: dual basis to (e1, . . . , en) of Tp:〈
ei, X

〉
= X i〈

ei, ej
〉

= δij

Let f ∈ Fp:
df : X −→ df(X) := Xf df ∈ Tp∗

Components:
(df)(X) = X i︸︷︷︸

X(xi)

f,i(x) = f,i(x)(dxi)(X)

(df) = f,i(x)(dxi)

⇒ (dx1, . . . , dxn) is a basis of Tp
∗ : 〈dxi, X〉 = X i

- is the dual basis to
(

∂
∂x1 , . . . ,

∂
∂xn

)
- all ω ∈ Tp∗ are of the form

ω = df for some f ∈ Tp (pointwise, not really)

change of coordinates:

〈dx̄i, X〉 = X̄ i = ∂x̄i

∂xk
Xk︸︷︷︸
〈dxk,X〉

⇒ dx̄i = ∂x̄i

∂xk
dxk
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Tensors on Tp:

tensors of type

(
p
q

)
⇔

{
p times contravariant

q times covariant

T (ω,X, Y ) is a trilinear form on Tp
∗ × Tp × Tp

⇒ generalizes vectors, covectors

- tensor product
T (ω,X, Y ) = R(ω,X) · S(Y ): T = R⊗ S

- components, e.g. T of type

(
1
2

)
T ( ω︸︷︷︸

ωiei

, X︸︷︷︸
xjej

, Y ) = T
(
ei, ej, ek

)︸ ︷︷ ︸
T ijk

components

ωXjY k︸ ︷︷ ︸
ei(ω)ej(X)ek(Y )

=(ei⊗ej⊗ek)(ω,X,Y )

⇒ T = T ijkei ⊗ ej ⊗ ek{
Tensor of type

(
1
2

)}
=
{
lin. comb. of tensor productX ⊗ ω ⊗ ω′

}
=: Tp ⊗ Tp∗ ⊗ Tp∗

change of coordinates:
(
ēi = φi

αeα, ēi = φiβe
β
)

T̄ ijk = T
(
ēi, ēj, ēk

)
= φiαφj

βφk
γ T (eα, eβ, eγ)︸ ︷︷ ︸

Tαβγ

Trace of mixed tensors

De�nition:

tr T = T ii

indep. of pair of dual bases:

T̄ ii = φiαφi
β︸ ︷︷ ︸

δα
β

T (eα, eβ)

= Tαα

In particular: T = X ⊗ ω = X iωjei ⊗ ej

⇒ tr T = tr(X ⊗ ω) = X iωi = 〈ω,X〉
Analogously:

T ijk
tr7−→ Sk = T iik

is linear map from type

(
1
2

)
to type

(
0
1

)
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The tangent map

(or "di�erential map")

ϕ : M −→ M̄

induces a linear map
ϕ∗ : Tp(M) −→ Tp̄(M̄)

X 7−→ ϕ∗X

by either of the following de�nitions:

a) (ϕ∗X) f̄ = X
(
f̄ ◦ ϕ

)
b) let γ be a curve with tangent vector X at p Then ϕ∗X is the tangent vector of

γ̄ = ϕ ◦ γ

Equivalence (b):

(ϕ∗X) f̄ =
d

dt
f̄ (γ̄(t))︸ ︷︷ ︸
f̄◦ϕ◦γ

|t=0=
d

dt

(
f̄ ◦ ϕ

)
(γ(t)) |t=0= X

(
f̄ ◦ ϕ

)
Components with respect to a basis (e1, . . . , en) of Tp

(ē1, . . . , ēn) of Tp̄

X̄ = ϕ∗X reads X = Xkek

X̄ i =
〈
ēi, X

〉
= Xk

〈
ēi, ϕ∗ek

〉︸ ︷︷ ︸
≡ϕ∗ik

= (ϕ∗)
i
kX

k

in particular with respect to canonical basis:

X̄ i = X̄(x̄i) = (ϕ∗X) (x̄i) = X(x̄i ◦ ϕ) = Xk ∂x̄
i

∂xk

⇒ (ϕ∗)
i
k =

∂x̄i

∂xk

Adjoint ϕ∗ of ϕ∗:

ϕ∗ : Tp̄
∗ −→ Tp

∗ pull back

ω̄ 7−→ ϕ∗ω̄

by 〈ϕ∗ω̄, X〉 = 〈ω̄, ϕ∗X〉 (X ∈ Tp)
or equivalent:

ϕ∗ : df̄ 7−→ ϕ∗
(
df̄
)

= d
(
f̄ ◦ ϕ

) (
f̄ ∈ Fp

)
In components:

ω = ϕ∗ω̄
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reads
ωkX

k = ω̄i (ϕ∗X)i = ω̄i(ϕ∗)
i
kX

k

Mixed Tensors cannot be pushed forward/pulled back is general.
But: let ϕ be invertible in a neighbourhood of p with ϕ−1 smooth

⇐⇒

{
dim M = dim M̄

det
(
∂x̄i

∂xk

)
6= 0

Then ϕ∗, ϕ
∗ are invertible and can be extended to tensors.

De�nition: by example: T, T̄ of type

(
1
1

)
(ϕ∗T )(ω̄, X̄) = T (ϕ∗ω̄, ϕ∗

−1X̄)

(ϕ∗T̄ )(ω,X) = T̄ ((ϕ∗)−1ω, ϕ∗X)

⇒ ϕ∗, ϕ
∗ are inverse of one another

Properties:

- ϕ∗(T ⊗ S) = (ϕ∗T )⊗ (ϕ∗S)

- tr(ϕ∗T ) = ϕ∗(tr T )

e.g. T = X ⊗ ω → tr T = 〈ω,X〉

tr(ϕ∗T ) = tr(ϕ∗)⊗ (ϕ∗ω)︸ ︷︷ ︸
(ϕ∗)−1ω

=
〈
(ϕ∗)−1ω

〉
=
〈
ϕ∗((ϕ∗)−1ω), X

〉
=< ω,X >= tr T︸︷︷︸

∈R

= ϕ∗(tr T )

Components: T̄ = ϕ∗T reads

T̄ ik =
∂x̄i

∂xα
∂xβ

∂x̄k
Tαβ

Same expression for manifold-transformation as for coordinate-transformation!!!

1.2 Fields

De�nition: A vector �eld on M is a linear map

X : F︸︷︷︸
smooth fct.

de�ned everywhere
on M

−→ F
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with product rule

X(fg) = (Xf)g + f(Xg)

Claim: (Xf)(p) depends only on f ∈ Fp︸ ︷︷ ︸
f in arbitrary small
neighbourhood of p

Proof: To show: f = 0 in neibourhood U 3 p, then (Xf)(p) = 0

Indeed: pick g : M → R, supp g ⊂ U︸ ︷︷ ︸
⇒fg=0

, g(p) = 1

0 = X(fg)(p)

= (Xf)(p) g(p)︸︷︷︸
1

+ f(p)︸︷︷︸
0

(Xg)(p)

⇒ (Xf)(p) = 0

Hence: for any p ∈M :

Xp : f︸︷︷︸
∈F

7→ (Xf)(p)

de�nes Xp ∈ Tp
In any chart: X = X i(x) ∂

∂xi
with X i = Xxi

Thus: a vector �eld can also be viewed as

- an assignment p 7→ Xp with smooth coordinates (in any chart)

- a linear di�erential operator of 1st order

Operators on vector �elds:

X 7−→ fX (multiplication by f ∈ F)

X, Y 7−→ [X, Y ] = XY − Y X (commutator, Lie-Bracket)

[X, Y ] enjoys product rule, unlike XY:

(XY )(fg) = X ((Y f) g + f (Y g))

= (XY f) g + (Y f) (Xg) + (Xf) (Y g) + f (XY g) + f [X, Y ] g

[X, Y ] (fg) = ([X, Y ] f) g

Jacobi-Identity:
[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X, Y ]] = 0
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Covector Fields: (or 1-forms)

ω : vector �elds (M) −→ F
X 7−→ ω(X)

with
ω(fX) = fω(X) (f ∈ F) ("f-linearity)

Fact: ω(X)(p) depends only on Xp ∈ Tp

Hence: for any p ∈M
ω(X)(p) = 〈ωp, Xp〉

de�nes a covector ωp ∈ Tp∗

In any chart:

ω = ωi(x)dxi with ωi =
〈
ω, ∂

∂xi

〉
∈ F

smooth components

Caution: not every ω is of the form ω = df

(otherwise ωi = ∂f
∂xi
→ ∂ωi

∂xj
= ∂2f

∂xi∂xj
=

∂ωj
∂xi

which is false in general!)

Tensor�elds

De�nition: Tensor �eld of type ⊗1
2 is a function

R : ω︸︷︷︸
1−form

, X, Y︸︷︷︸
vector
�elds

7−→ R(ω,X, Y ) ∈ F f-linear in all arguments

Equivalently:
R : p ∈M −→ Rp tensor on Tp

with smooth coordinates.

Tangent map:

1-forms:
ω̄ 7−→ ϕ∗ω̄ pointwise

(ϕ∗ω̄)p = ϕ∗ω̄ϕ(p) ϕ∗ : Tp̄
∗ → Tp

∗

Let ϕ : M → M̄ be a global di�eomorphism (ϕ−1 exists, smooth)
vector�elds:

X 7−→ ϕ∗X

(ϕ∗X)p̄ = ϕ∗Xϕ−1(p̄)
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equivalently:
(ϕ∗X) f̄ =

[
X
(
f̄ ◦ ϕ

)]
◦ ϕ−1

Note:
ϕ∗ [X, Y ] = [ϕ∗X,ϕ∗Y ]

Flows and generating �elds

De�nition: A �ow on M is

- 1-parameter group of di�eomorphisms

ϕt : M −→M, (t ∈ R)

with
ϕt ◦ ϕs = ϕt+s

(in particular ϕ0 ◦ ϕ0 = ϕ0 ⇒ ϕ0 identity on M ⇒ ϕt
−1 = ϕ−t)

- Orbit (or integral curve) of p ∈M

t 7−→ ϕt(p) = γ(t)

is smooth in t

A �ow ϕt determines a vector �eld X (the generating �eld)

Xf =
d

dt
(f ◦ ϕt)

∣∣∣
t=0

i.e. Xp =
dϕt(p)

dt

∣∣∣
t=0

= γ̇(0) (tangent vector to the orbit of p at p)

At any point γ(t)

γ̇(t) =
dϕt(p)

dt
=

d

ds
ϕt+s(p)

∣∣∣
s=0

=
d

ds
ϕs (ϕt(p))

∣∣∣
s=0

= Xϕt(p)

Hence: γ(t) sets ODE

γ̇(t) = Xγ(t), γ(0) = p

⇒ generating vector �eld determines ϕt(p) = γ(t)

1.3 The Lie derivative

Directional derivative of a function f in direction X:

XF =
d

dt
f (ϕt(p))

∣∣∣
t=0

= lim
t→∞

f(ϕt(p))− f(p)

t
, Xf = Xkf,k

Derivation of a vector �eld?
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componentwise XkY i
,k? NO!!!

⇒ Yp, Yϕt(p) elements of di�erent tangent spaces!

=⇒ Before di�. can be taken, Yϕt(p) has to be transported to Tp.
One possibility: by means of tangent map ϕt∗ (Lie-Transport)

De�nition: The Lie derivative LXR of a tensor �eld R in direction of the vector �eld X is

LXR =
d

dt
(ϕt
∗R)

∣∣∣
t=0

i.e. (LXR)p =
d

dt
ϕt
∗Rϕt(p)

∣∣∣
t=0

=⇒ ϕt
∗R is a tensor over p ∀ t

Coordinate expressions: In any chart around p ∈M , for small t,

ϕt : 7−→ x̄(t, x) M = M̄ ⇒ x, x̄ ∈ same chart

satis�es
∂x̄i

∂t
= X i (x̄(t))

Taylor-Expansion:

x̄i(t, x) = xi + tX i(x) +O
(
t2
)

xi(t, x) = x̄i + tX i (x̄) +O(t2)

Hence:

∂x̄i

∂xk
= δik + tX i

,k +O(t2)

∂2x̄i

∂t∂xk
= X i

,k

∂xi

∂x̄k
= δik − tX i

,k(x̄) +O(t2)

∂xi

∂x̄k

∣∣∣
x̄=x̄(t,x)

= δik − tX i
,k(x) +O(t2)

∂2xi

∂t∂x̄k
= −X i

,k

(
ϕt
∗Rϕt(p)

)i
j
(x) = Rα

β(x̄)
∂xi

∂x̄α

∣∣∣
x̄=x̄(t,x)

∂x̄β

∂xj
R⊗1

1

derivative at t = 0 :

(LXR)ij(x) = R
i

/α
/β
j
,k
↓
component

wise

Xk −Rα
jX

i
,α +Ri

βX
β
j︸ ︷︷ ︸

contribution of the
Lie-Transport

Properties of LX :
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a) LX is a linear map from tensor �elds to tensor �elds of the same type
b) LX(tr T ) = tr(LXT ) any trace
c) LX(T ⊗ S) = (LXT )⊗ S + T ⊗ (LXS)
d) LXf = Xf f ∈ F(M)
e) LXY = [X, Y ] = XY − Y X (Y vector �eld on M)

Proof: (a):
√
, (b):(pullback analogy)

√

(c): ϕt
∗(T ⊗ S) = (ϕt

∗T )⊗ (ϕt
∗S)

(d): LXf = d
dt
ϕt
∗f
∣∣∣
t=0

= d
dt

(f ◦ ϕt)
∣∣∣
t=0

= Xf

(e): (LXY )f =
(
d
dt
ϕt
∗Y |t=0

)
f = d

dt
(ϕ−t∗Y ) f |t=0= d

dt
(Y (f ◦ ϕ−t) ◦ ϕt) |t=0

= Y
(
d
dt

(f ◦ ϕ−t)
)
|t=0 + d

dt
(Y f) ◦ ϕt |t=0

= Y (−Xf) +XY f = [X, Y ] f

Alternative de�nition of LX (not making use of �ows):

Claim: for given X, the map LX is uniquely determined by (a-e)
(hence agrees with the previous de�nition)

Proof: (d): LX is uniquely determined on tensor �elds of type ⊗0
0

(e): " " ⊗1
0

Will show: " " ⊗0
1

(c): " " ⊗pq
ω : 1-form, Y vector �eld

ω(Y ) = tr (Y ⊗ ω)
(LXω) (Y ) = tr (Y ⊗ LXω)= tr (LX(Y ⊗ ω))− tr((LXY )︸ ︷︷ ︸

[X,Y ]

⊗ω)

= LX tr(Y ⊗ ω)︸ ︷︷ ︸
ω(Y )

−ω ([X, Y ])

= X (ω(Y ))− ω ([X, Y ])

Further Properties:

- LX is linear in X, but not f-linear: LλX = λLX λ ∈ R LfX 6= fLX

LfXY = [fX, Y ] = fXY − Y fX = fXY − (Y f)X − fY X
= f [X, Y ]− (Y f)X

= (fLX)Y − (Y f)X 6= (fLX)Y

- L[X,Y ] = LXLY − LYLX

Meaning of [X, Y ] = 0

ϕt ↔ X : (Xf)(x) =
d

dt
(f ◦ ϕt)

∣∣
t=0

ψs ↔ Y : (Y g)(x) =
d

ds
(g ◦ ψs)

∣∣
s=0
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Theorem: [X, Y ] = 0⇔ ϕt ◦ ψs = ψs ◦ ϕt
Proof: ”⇐ ” (f ◦ ϕt) ◦ ψs = (f ◦ ψs) ◦ ϕt

d
dt
. . .
∣∣
t=0

Xf ◦ ψs = X(f ◦ ψs)
d
ds
. . .
∣∣
s=0

Y Xf = XY f

2 A�ne Connections

2.1 Parallel Transport and covariant derivaties

De�nition: Any curve γ in M is equipped with a parallel transport

τ(t, s) : Tγ(s) −→ Tγ(t)

X(s) 7−→
↘
chart:Xi(t)=τ ik(t,s)Xk(s)

X(t)

Satisfying
- linear with τ(t, s)τ(t, r) τ(t, t) = 1
- in any chart:

∂
∂t
τ ik(t, s)

∣∣
t=s

= −
↘
convention

Christo�el-Symbols of transport τ︷ ︸︸ ︷
Γilk (γ(s)) γ̇l(s) ~

→ linear in γ̇l

Remarks:

1. Lie-Transport ϕt∗ along an orbit of the vector �eld has

(ϕt∗)
i
j = δij + tY i

,j +O(t2)

∂

∂t
(ϕt∗)

i
j

∣∣
t=0

= Y i
,j

does not depend on γ̇l(0) = Y l(x) only
Hence not of the form ~

2. Parallel transported vector
X(t) = τ(t, s)X(s)

satis�es (in any chart) the ODE

Ẋ i(t) =
∂

∂t
(τ(t, s)X(s))i =

∂

∂λ
(τ(t+ λ, s)X(s))i

∣∣
λ=0

=
∂

∂λ
τ ik(t+ λ, s)

∣∣
λ=0

(τ(t, s)X)k

= −Γilk (γ(t)) γ̇l(t)Xk(t)
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i.e.
Ẋ i(t) + Γilk (γ(t)) γ̇l(t)Xk(t) = 0

Note: the Ẋ i are not the components of a vector, nor are the Γilk those of a tensor
�eld

3. Linearity of ~ with respect to γ̇l implies:

τ(t, s) is independent of parametrization of γ (but does depend on γ,
i.e. not just on endpoints γ(t), γ(s))
More precisely: reparametrization r : t̃ −→ t (monotonic)

γ̃
(
t̃
)

= γ(t)
∣∣
t=r(t̃)

Claim: τ̃
(
t̃, s̃
)

= τ(t, s) i.e.

if X̃ (s̃) = X(s) and X(t) = τ(t, s)X(s)

X̃
(
t̃
)

= τ̃
(
t̃, s̃
)
X̃ (s̃)

then X̃
(
t̃
)

= X(t)

dX̃i

dt̃
q

dX̃i

dt
dt
dt̃

= −Γilk
(
γ̃
(
t̃
)) dγ̃l

dt̃︸︷︷︸
dγ̃l

dt
dt
dt̃

X̃k
(
t̃
)
is ODE satis�ed by X i(t)

⇒ same starting point X(s), same ODE
⇒ solutions of this ODE are the same

4.
τ(t, s)τ(s, t) = τ(t, t) = 1

τ ik(t, s)τ
k
i(s, t) = δik

∂

∂s
. . .
∣∣
s=t

:
∂

∂s
τ ik(t, s)

∣∣
s=t
δkj − δikΓklj (γ(t)) γ̇l(t) = 0

⇒ ∂

∂s
τ ij(t, s)

∣∣
s=t

= Γilj (γ(t)) γ̇l(t)

5. Change of chart x↔ x̄:

τ̄ ik(t, s) = τ pq(t, s)
∂x̄i

∂xp
∣∣
γ(t)

∂xq

∂x̄k
∣∣
γ̄(s)

∂

∂s
τ̄ ik(t, s)

∣∣
s=t

= Γprq γ̇r︸︷︷︸
∂xr

∂x̄l
˙̄γl

∂x̄i

∂xp
∂xq

∂x̄k
+ δpq

∂x̄i

∂xp
∂2xq

∂x̄k∂x̄l
˙̄γl

= Γ̄ilk ˙̄γl

Hence:

Γ̄ikl = Γprq
∂x̄i

∂xp
∂xr

∂x̄l
∂xq

∂x̄k
~~

Conversely: any arbitrary Γprq(x) transforming as ~~ upon change of coordinates
de�nes a parallel transport.
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Parallel Transport of Tensors:

should satisfy:
τ(t, s) (T ⊗ S) = τ(t, s)T ⊗ τ(t, s)S

τ(t, s) (tr T ) = tr τ(t, s)T any trace

τ(t, s)c = c c ∈ <
This extends the transport from vectors to tensors in a unique way:
Hence

- for a covector ω ∈ Tγ(s)
∗ recall tr (ω ⊗X) = 〈ω,X〉 apply τ(t, s):

< τ(t, s)ω, τ(t, s)X︸ ︷︷ ︸
=:X̃

>γ(t) = 〈ω,X〉γ(s)〈
τ(t, s)ω, X̃

〉
=
〈
ω, τ(s, t)X̃

〉
Compute:

(τ(t, s)ω)k
≡ τki(t,s)ωi

X̃k = ωiτ
i
k(s, t)X̃

k → τk
i(t, s) = τ ik(s, t)

- for a tensor of type ⊗1
1:

(τ(t, s)T )ik = τ iατk
βTαβ

Covariant Derivative corresponding to τ

X vector �eld, R tensor �eld

(∇XR)p =
d

dt
τ(0, t)Rγ(t)

∣∣∣
t=0

for any curve γ(t) with γ(0) = p and γ̇(0) = Xp

Properties:

a) maps tensor �eld to tensor �eld of same type

b) ∇Xf = Xf
(

(∇Xf)p = d
dt
τ(0, t)f(γ(t))

∣∣
t=0

= γ̇(0)f = Xpf = (Xf)p

)
c) ∇X (tr T ) = tr (∇XT )
d) ∇X (T ⊗ S) = (∇XT )⊗ S + T ⊗ (∇XS)

De�nition: If the covariant derivative ∇X acts on vector �elds Y, we call it an
a�ne connection ∇XY .

Properties of ∇XY :

(i) ∇XY is a vector �eld, linear in X,Y
(ii) ∇XY is f-linear: ∇fXY = f∇XY (unlike LX)
(iii) ∇X(fY ) = f∇XY +XfY
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Proof: (ii) in any chart:
γi(t)= xi + tX i(x) +O(t2)

(∇XY )i = d
dt
τ ik(0, t)Y

k (x1 + tX1(x) + · · ·+ xn + tXn(x))
∣∣∣
t=0

= δikY
k
,lX

l + ΓilkX
lY k

i.e.

(∇XY )i =
(
Y i

,l + ΓilkY
k
)
X l~~~

(∇XY )p depends only on X at p =̂ x

(iii)(∇X(fY ))p = d
dt
τ(0, t) (fY )γ(t)︸ ︷︷ ︸

f(γ(t))Yγ(t)

∣∣∣
t=0

= d
dt
f (γ(t)) τ(0, t)Yγ(t)

∣∣∣
t=0

= f(p) (∇XY )p + (Xf)pYp

Conversely: Any action ∇XY (i.e. satisfying (i-iv)) de�nes a parallel transport (bijective)
with respect to the canonical basis:
∇XY = ∇X (Y iei)= (XY i) ei + Y k∇Xek

= X lY i
,lei + Y kX l∇elek

(∇XY )i= X lY i
,l + Y kX l 〈ei,∇elek〉

=
(
Y,l + 〈ei,∇elek〉Y k

)
X l

⇒ same as ~~~ with Γilk = 〈ei,∇elek〉

Bijective relation τ ↔ ∇
Let γ̇(t) = Xγ(t) Then Y (s) = Y (γ(s))

Y (t) = τ(t, s)Y (s) ⇔ ∇XY = 0

note (∇XY )i =
(
Y i

,l + ΓilkY
k
)
γ̇l = Ẏ i + ΓilkY

kγ̇l

The covariant derivative ∇: (not ∇X)

De�nition: by example: T of type ⊗1
1: i.e. T (ω, Y ) f-linear in ω : 1-form

Y : vector �eld
then (∇XT ) (ω, Y ) =: (∇T ) (ω, Y,X) de�nes a tensor �eld of type ⊗1

2

Components:
(∇T )ikl = T ik;l

with respect to canonical basis:
-for vector �eld Y:

Y i
;k = (∇Y )ik = (∇Y )(ei, ek) = (∇ekY ) (ei)

= (∇ekY )i = Y i
,k + ΓiklY

l

-for 1-form ω:
ωi;k = (∇ω)ik = (∇ω)(ei, ek) = (∇ekω) (ei)

= ek ω(ei)︸ ︷︷ ︸
ωi

−ω (∇ekei)

= ωi,k − Γlkiωl
-Tensor �eld of type ⊗1

1:
T ij;k= T ij,k + ΓiklT

l
j − ΓlkjT

i
l
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Remark:

- T ij,k depends only on T ij(x) for given i, j (in a neighbourhood of x)
- T ij;k depends on all components Tαβ(x)

2.2 Torsion and Curvature

Let ∇ be an a�ne connection on M , X, Y, Z vector �elds
De�nition:

T (X, Y ) = ∇XY −∇YX − [X, Y ]

R(X, Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ]

• At �rst:

� T (X, Y ) is a vector �eld

� R(X, Y ) is a linear map from tensor �elds to tensor �elds of the same type

• T (X, Y ) = −T (Y,X)
R(X, Y ) = −R(Y,X)

}
antisymmetry

• T (X, Y ) is f-linear in X, Y

Hence
(ω,X, Y ) 7−→ 〈ω, T (X, Y )〉 =: T ijkωiX

jY k

is a tensor �eld of type ⊗1
2

proof: (of f-linearity)

[fX, Y ] = (fX)Y − Y (fX)︸ ︷︷ ︸
(Y f)X+f(Y X)

= f [X, Y ]− (Y f)X

hence

T (fX, Y ) = f∇XY − f∇YX − (Y f)X − F [X, Y ] + (Y f)X = fT (X, Y )

• R(X, Y )Z (a vector �eld) is f-linear in X, Y, Z

Hence
(ω, Z,X, Y ) 7−→ 〈ω,R(X, Y )Z〉 =: Ri

jklωiZ
jXkY l

de�nes a tensor �eld R of type ⊗1
3

(curvature or Riemann tensor)

proof: (of f-linearity)

R(fX, Y ) = f∇X∇Y −∇Y f∇X − f∇[X,Y ] + (Y f)∇X

= f∇X∇Y − f∇Y∇X − (Y f)∇X − f∇[X,Y ] + (Y f)∇X

= fR(X, Y )

f-linearity in Z: see next proposition, part (d).
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Proposition:

a) R(X, Y )f = 0

b) R(X, Y )(S ⊗ T ) = (R(X, Y )S)⊗ T + S ⊗ (R(X, Y )T )

c) tr R(X, Y )T = R(X, Y )tr T (any trace not contracting X or Y)

d) 〈ω,R(X, Y )Z〉 = −〈R(X, Y )ω, Z〉

Proof:

a) R(X, Y )f = XY f − Y Xf − [X, Y ] f = 0
b)

R(X, Y )(S ⊗ T ) = ∇X ((∇Y S)⊗ T + S ⊗ (∇Y T ))−∇Y ((∇XS)⊗ T + S ⊗ (∇XT ))︸ ︷︷ ︸
mixed terms drop out

−
(
∇[X,Y ]S

)
⊗ T − S ⊗

(
∇[X,Y ]T

)
= · · · = (R(X, Y )S)⊗ T + S ⊗ (R(X, Y )T )

c) follows from ∇Xtr T = tr∇XT
d) From a)-c) we have

0 = R(X, Y ) 〈ω, Z〉 = R(X, Y )tr (ω ⊗ Z) = tr R(X, Y )(ω ⊗ Z)

= tr ((R(X, Y )ω)⊗ Z) + tr (ω ⊗R(X, Y )Z)

= 〈R(X, Y )ω, Z〉+ 〈ω,R(X, Y )Z〉

Components with respect to coordinate basis: ei = ∂
∂xi
, ei = dxi

⇒ [ei, ej] = 0

• T kij = T (ek, ei, ej) =
〈
ek, T (ei, ej)

〉
=
〈
ek,∇eiej −∇ejei

〉
= Γkij − Γkji

In particular:
T = 0⇐⇒ Γkij = Γkji

•
Ri

jkl =
〈
ei, R(ek, el)ej

〉
=
〈
ei, (∇ek∇el −∇el∇ek) ej

〉
=
〈
ei,∇ek (Γsljes)−∇el (Γskles)

〉
= Γslj,k

〈
ei, es

〉
+ ΓsljΓ

i
ks − Γskj,l

〈
ei, es

〉
− ΓskjΓ

i
ls

= Γilj,k − Γikj,l + ΓsljΓ
i
ks − ΓskjΓ

i
ls
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Bianchi Identities (in the special case of torsion= 0)

1. R(X, Y )Z +R(Y, Z)X +R(Z,X)Y = 0

2. (∇XR) (Y, Z) + (∇YR) (Z,X) + (∇ZR) (X, Y ) = 0

Proof: Let X1 = X,X2 = Y,X3 = Z. Then
3∑
i=1

R(Xi, Xi+1)Xi+2 =
3∑
i=1

(∇Xi∇Xi+1
Xi+2
↓

i→i+2

−∇Xi+1
∇XiXi+2
↓

i→i+1

−∇[Xi,Xi+1]Xi+2)

seperate in 3 sums and replace

=
3∑
i=1

(∇Xi+2
∇XiXi+1 −∇Xi+2

∇Xi+1
Xi︸ ︷︷ ︸

∇Xi+2
[Xi,Xi+1]

since ∇XiXi+1−∇Xi+1
Xi

=T (Xi, Xi+1)︸ ︷︷ ︸
=0, by assumption

+[Xi,Xi+1]

−∇[Xi,Xi+1]Xi+2)

=
3∑
i=1

T (Xi+2, [Xi, Xi+1]) +
3∑
i=1

[Xi+2, [Xi, Xi+1]] = 0

by the Jacobi-Identity.

Geometric meaning of the curvature

Let X, Y be vector �elds, ϕt, ψs the corresponding �ows, and assume [X, Y ] = 0

⇐⇒

{
R(X, Y ) = ∇X∇Y −∇Y∇X

ϕt ◦ ψs = ψs ◦ ϕt

Consider
τX(t) : TP −→ Tϕt(p)

parallel transport along the orbit ϕt(p) of X
τY (s) : TP −→ Tψs(p)

parallel transport along the orbit ψs(p) of Y

Transport Z around the loop:

Z(t, s) = τY (−s)τX(−t)τY (s)τX(t)Z

Expand this in Taylor-Series with respect to t and s:

Z(0, 0) = Z

Z(t, 0) = Z Z(0, s) = Z

Z(t, s) = Z +
∂2Z

∂t∂s

∣∣∣
t=s=0

ts+ higher order

Remember that we have d
dt
τX(t)Z |t=0= −∇XZ
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hence
∂Z

∂t

∣∣∣
t=0

= τY (−s)∇XτY (s)Z −∇X(Z)

∂2Z

∂t∂s

∣∣∣
t=s=0

= (∇Y∇X −∇X∇Y )Z = −R(X, Y )Z

Thus:
Z(t, s) = Z − ts ·R(X, Y )Z + higher order

Curvature measures the di�erence of a vector before and after having circulated around
the loop.

3 Pseudo-Riemannian manifolds

Let M be equipped with a pseudo-Riemannian metric: a symmetric, non-degenerate tensor
�eld of type ⊗0

2,
g(X, Y ) ≡ (X, Y )

non-degenerate: ∀p ∈M : If X ∈ Tp, gp(X, Y ) = 0 ∀Y ∈ Tp

=⇒ Xp = 0

in components:
g(X, Y ) = gikX

iY k

(non-degenerate ⇔ det(g) 6= 0)

gik = gki det(gik) 6= 0

Remark:
Riemannian metric: instead of non-degeneracy only requires the stronger: gp(X,X) ≥
0 ∀X ∈ Tp, gp(X,X) = 0⇔ X = 0 (not assumed here)
By means of a metric, identify vector �elds and 1-forms:

g : X
↑

vector
�eld

7→ gX
↑

1-form

= X̃ ω
↑

1-form

7→ g−1ω
↑

vector
�eld

= ω̃

through

〈gX, Y 〉 := g(X, Y ) 〈ω, Y 〉 = g
(
g−1ω, Y

)
In components:

X̃iY
i = gikX

kY i  X̃i = gikX
k "lowering the index"

ωiY
i = gikω̃Y

i ω̃i = gikωk "raising the index"
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Remark: Let (e1, . . . , en), (e1, . . . , en) be dual basis of Tp, Tp
∗. Then

ẽj = g−1ej ∈ Tp
(ẽj, X) = 〈ej, X〉 = Xj

(gij ẽ
j, X) = gijX

j = (ei, X)

}
ei = gij ẽ

j

Note: If gij = δij, then ei = ẽi; only if g is positive de�nite.

From now on: drop the ∼:

X i contravariant
Xi covariant

}
components of the same vector

Similary: identify tensors of type⊗pq , ⊗
p′

q′ for p+ q = p′ + q′:

for example:
T ik = gilTlk = gklT

il

(consistency of
(
gik
)
: raise indices of gik:

gjiglkgik = glkδjk = glj

hence is consistent)

A particular connection is distinguished by the metric:

Theorem: (Riemann or Levi-Civita connection)

There is precisely one a�ne connection ∇ with:

1. Torsion T = 0

2. ∇g = 0

Theorem is only as good as its assumptions,
they have to be justi�ed physically, ultima-
tely by from the equivalence principle

("∇ is symmetric and metric")
In fact it is given as

2 (∇XY, Z) = X(Y, Z)+Y (Z,X)−Z(X, Y )−(X, [Y, Z])+(Y, [Z,X])+(Z, [X, Y ])~~~~

proof:

• uniqueness: Show that ((1), (2))⇒ ~~~~
Let X1, X2, X3 be vector �elds. By (2)

0 = (∇g) (Xi, Xi+1, Xi+2) =
(
∇Xi+2

g
)

(Xi, Xi+1)

= Xi+2 g(Xi, Xi+1)− g
(
∇Xi+2

Xi, Xi+1

)
− g

(
∇Xi+2

Xi+1, Xi

)} (#)i
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Take (#)i+1 + (#)i+2 − (#)i:

0 = Xig(Xi+1, Xi+2) +Xi+1g(Xi+2, Xi)−Xi+2g(Xi, Xi+1)

− g
(
∇XiXi+1 +∇Xi+1

Xi, Xi+2

)
− g

(
∇Xi+1

Xi+2 −∇Xi+2
Xi+1, Xi

)
+ g

(
∇Xi+2

Xi +∇XiXi+2, Xi+1

)
= what we want

• existence: ~~~~ de�nes ∇XY (because (·, ·) is non-degenerate)
show

a) ∇XY is a connection
b) T = 0
c) ∇g = 0

b) 2(∇XY −∇YX,Z) = 2 ([X, Y ] , Z)

⇒ [X, Y ] = ∇XY −∇YX

c) ∇g = 0⇔ (#)i

De�nition of ∇ ⇔ ~~~~ (⇔ (#)i+1 + (#)i+2 − (#)i)

Take ~~~~i+1 + ~~~~i+2 ⇔ (#)i+2 + (#)i − (#)i+1 + (#)i + (#)i+1 −
(#)i+2 = 2(#)i

In a chart: Christo�el symbols of the Riemann connection

Γilk =
1

2
gij(glj,k + gkj,l − glk,j)

because Γilk = 〈ei,∇elek〉 = (ei,∇elek)
Let X = el = ∂

∂xl
, Y = ek, Z = ej = gije

i

2 (∇elek, gije
i) = gkj,l + gjl,k − glk,j

3.1 Geodesic

De�nition: a parametrized curve x(λ) onM is a geodesic if it solves the variational principle

δ

∫ (2)

(1)

dλ(ẋ, ẋ) = 0, ẋ =
dx

dλ

with �xed endpoints (both in M 3 x,R 3 λ)

In a chart these are the Euler-Lagrange-Equations for the Lagrangian

L(x, ẋ) =
1

2
(ẋ, ẋ) =

1

2
gik(x)ẋiẋk
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They are

0 =
d

dλ

∂L
∂ẋj
− ∂L
∂xj

=
d

dλ

(
glj(x)ẋl

)
− 1

2
glk,jẋ

lẋk

= glj,kẋ
kẋl + gljẍ

l − 1

2
glk,jẋ

lẋk

=
1

2
(glj,k + gkj,l) ẋ

kẋl + gljẍ
l − 1

2
glk,jẋ

lẋk

= gljẍ
l +

1

2
(glj,k + gkj,l + gglk,j) ẋ

lẋk

⇐⇒ ẍi + Γilkẋ
lẋk = 0 geodesic equation ⇔ ∇ẊẊ = 0 �

Recall: X(t) ∈ Tγ(t) is parallel transported along γ(s) = x(s) if

Ẋ i + Γilkγ̇
lXk = 0

� says that ẋ = X is transported in its own direction.

Remarks:

1. L = 1
2
(ẋ, ẋ) = L(x, ẋ) does not depend on λ. Hence

piẊ
i︸︷︷︸

ẋi ∂L
∂ẋi

−L = 2L− L = L

is conserved along a geodesic

2. Reparametrization: λ 7→ λ′

ẋ = x′ dλ
′

dλ
, ẍ = x′′

(
dλ′

dλ

)2
+ x′ d

2λ′

dλ2

Equation � is invariant under reparametrization if

d2λ′

dλ2
= 0 ⇔ λ′ = aλ+ b (a, b ∈ R constants)

⇒ Only linear inhomogenous reparametrizations are admissible.

Such a reparametrization is called a�ne parameter

3. Assume g is positive de�nite.
Length of curve ∫ (2)

(1)

dλ (ẋ, ẋ)1/2 =

∫ (2)

(1)

dλf(L) f =
√

is invariant under arbitrary reparametrizations.

Along a geodesic:

δ

∫ (2)

(1)

dλf(L) =

∫ (2)

(1)

dλf ′(L)δL

= f ′(const) δ

∫ (2)

(1)

dλL
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→ geodesic makes length stationary.∫ (2)

(1)
dλ(ẋ, ẋ) is applicable even if g is not positive de�nite.

Properties of the Riemann connection:

a) inner product of vectors is conserved under parallel transport:

(X(t), Y (t))γ(t) = (X, Y )γ(0)

where
X(t) = τ(t, 0)X
Y (t) = τ(t, 0)Y

}
∈ Tγ(t) X, Y ∈ Tγ(0)

because of ∇g = 0, gγ(t) = τ(t, 0)gγ(0)

(X(t), Y (t))γ(t) =
(
τ(t, 0)gγ(0)

)
(τ(t, 0)X, τ(t, 0)Y )

= gγ(0)(X, Y ) = (X, Y )γ(0)

cf. Remark (1)

b) covariant di�erentiation commutes with raising & lowering indices

T ik;l =
(
gkmT

im
)

;l
= gkmT

im
;l

because gkm;l = 0 For short:

∇ ◦ g = g ◦ ∇

where g is the "lowering the index"

c) Curvature tensor: symmetries:

i) (W,R(X, Y )Z) = − (Z,R(X, Y )W )

ii) (W,R(X, Y )Z) = (X,R(W,Z)Y )

Proof: 〈W,R(X, Y )Z〉 = −〈R(X, Y )W,Z〉
Set ω = gW
(ω,R(X, Y )Z) = −〈R(X, Y )gW,Z〉 = − (R(X, Y )W,Z)

ii) says (W,R(X, Y )Z) is symmetric (X, Y )↔ (W,Z)

(W,R(X, Y )Z) = − (W,R(Y, Z)X)− (W,R(Z,X)Y )

= (Z,R(Y,W )X) + (Z,R(W,X)Y )

2 (W,R(X, Y )Z) = (W,R(Z, Y )X) + (W,R(X,Z)Y ) + (Z,R(Y,W )X)

+ (Z,R(W,X)Y )

using (i)

Summary:

Ri
jkl = −Ri

jlk always
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∑
cyclic permut.

of (jkl)

Ri
jkl = 0

∑
(klm)

Ri
jkl;m = 0

 torsion vanishes

Rijkl = −Rjikl

Rijkl = Rklij

}
Riemann connections

note: Ri
jkl = 〈ei, R(ek, el)ej〉

=
(
ẽi, . . .

)
Rijkl = (ei, R(ek, el)ej)

d) Ricci and Einstein tensors

De�nition: Rik= Rj
ijk (Ricci tensor)

R = Ri
i (scalar curvature)

Gik= Rik − 1
2
Rgik (Einstein tensor)

We have (∇: Riemann connection):

- Rik = Rki

- Ri
k

;k = 1
2
R;i contracted 2nd Bianchi

- Gi
k

;k = 0

Remark: other contractions do not produce new stu�

Ri
jki = −Ri

jik = −Rjk

Ri
ikl = −Ri

kli −Ri
lik = Rkl −Rlk = 0

Proof: Rik = gjlRlijk = gjl
q
glj

Rjkli = Rl
kli = Rki

-2nd Bianchi : Ri
jkl;m +Ri

jlm;k +Ri
jmk;l = 0

trace(ik): Rj
/jl;m + Ri

jlm;i︸ ︷︷ ︸
gikRkjlm;i

−Rj
/jm;l = 0

Normal coordinates

Recall from linear algebra:
A symmetric non-degenerate bilinear form gik (→ metric at one point p ∈M)
can be put in normal form:

ḡlm = φl
iφm

kgik = ηlm = diag(±1, . . . ,±1)︸ ︷︷ ︸
signarure of gik

(ēl = φl
mem)
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Pseudo-Riemann manifold, connected
gp: metric at p ∈M → signature of gp is constant

Change of coordinates: φl
i = ∂xi

∂x̄l
: ḡlm = ∂xi

∂x̄l
∂xk

∂x̄m
gik

However, as a rule: in no chart:

ḡlm(x̄) ≡ ηlm

Theorem: In some neighbourhood of any point p ∈M there is a chart such that

i) xi = 0 at p
ii) gij(0) = ηij
iii) gij,l(0) = 0 (⇔ Γijl(0) = 0)

Remarks:

1) "⇒":
√

"⇐": 0 =
↑

∇g=0

gik;l = gik,l − Γrligrk − Γrlkgir

2) gij,lm(0) = 0 impossible (as a rule) because Ri
jkl 6= 0

3) T ikl = Γikl − Γilk but T = 0

4 Time, space and relativity

1. The classical relativity principle

-
clocks
rigid rods

}
determine the frames of reference in classical physics

-
simultaneity is absolute
geometry is Euclidean

}
prior geometry

- free particle (i.e. far away from anything else) are at basics of dynamics

- (1st law) Inertial frames: trajectory x(t) of a free particle obeys ~̈x = 0

- (2nd law) Forces: deviation from free motion

mi~̈xi = ~Fi(~x1, . . . , ~xN) mi : inertial masses i = 1, . . . , N

Examples:

(a) Particle in electromagnetic �eld ~E:

~F = e ~E
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(b) Particle in gravitational �eld ~g:

~F = m̃~g (m̃ : gravitational mass)

Fact:
m = m̃, hence

/m~̈x = /̃m~g

⇒ All free falling particles fall with ~̈x = ~g

Remark: Inertial forces proportional to inertial mass (Scheinkräfte)
(dissapear when moving
to inertial frame)

2. The Einstein equivalence principle (EP)

Put free falling particles at the basis of dynamics

⇒ Gravitational force is an inertial force

EP (1911) "All freely falling, non-rotating local reference frames
local inertial frame (LIF)

are equivalent w.r.t.

all local experiments"

Remarks: 1) non-rotating means no Coreolis-Force
2) EP is heuristic, to be made precise
3) valid for all of physics, not just mechanics

Application: gravitational red-shift

3. The postulates of GR (1915) (extended and clarify EP)

(a) Time and Space are a 4-dimensional pseudo-Riemannian Manifold M with me-
tric g of signature (+1,−1,−1,−1)

(p ∈M ⇔ events)

(chart ⇔ reference frame)

g expresses measurements done by means of ideal clocks & rods

(b) Physical quantities/laws are tensors/equations among tensors

(c) With the exception of g, physical laws only contain quantities already present
in SR.

(d) In a LIF around p ∈M
↓

normal coordinates

physical laws are the same as in SR.

Remarks: about (a): ideal clock: world line x(λ) measures ∆τ

c2(∆τ)2 = g(ẋ, ẋ)(∆λ)2

ideal rod: world line of endpoints of rod

g(ẋ,∆x) = 0

26



measures length ∆l: (∆l)2 = −g(∆x,∆x)
in particular coordinates:

x = (x0, . . . , x3) such that
world line of clock x = (ct, 0, 0, 0)

ẋ = (c, 0, 0, 0)

about (b): physical quantities in a reference frame are given as
components of tensors

- di�erent in each frame
- laws including them are the same in all frames
(general form covariance)

about (d): ⇔ EP

4. Transition SR −→ GR

(a) laws of inertia

SR GR

ẍµ = 0 ẍµ + Γµνσẋ
ν ẋσ = 0

⇔ ∇ẊẊ=0

��

(ẋ, ẋ) = c2 gµν ẋ
µẋν = (ẋ, ẋ) = c2

free particle
xµ(τ) world line

˙ = d
dτ

τ : proper time

�� describes gravitational force as

ẍµ = −Γµνσẋ
ν ẋσ −→ Γµνσ

↓
can be

transformed
away

(not gµν
↓

cannot

describes gravitational �eld)

(b) light rays

SR GR

ẍµ = 0 ẍµ + Γµνσẋ
ν ẋσ = 0

(ẋ, ẋ) = 0 (ẋ, ẋ) = 0 (null geodesic!)
includes de�ection of light

More generally: Covariant formulation of Maxwell's equations (ME)

e.m. �eld tensor Fµν = −Fνµ
In an inertial frame in the sense of SR
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Fµν =


0 E1 E2 E3

0 −B3 B2

0 −B1

0


- homogeneous ME

SR GR

Fµν,σ + cycl. = 0 Fµν;σ
covariant
derivative

+ cycl. = 0

- inhom. ME
SR GR

F µν
,µ = 1

c
jν F µν

;µ = 1
c
jν

Recipe: replace 1st order partial derivatives by covariant derivatives

Consequence of ME: charge conservation, i.e. continuity equation

SR GR

jν ,ν = 0 jν ;ν = 0

Better: rederive from ME in GR

1
c
jν ;ν = F µν

;µν

not necessary
symmetric in cov. derivatives

as in the case of
partial derivatives

= F µν
;νµ +Rµ

τµν︸ ︷︷ ︸
Rτν

F τν +Rν
τµν︸ ︷︷ ︸

Rτ
↓
ν

µ

↓
τ

F

τ
↑
µ

ν
↑
τ

= − F νµ
;νµ︸ ︷︷ ︸

=−Fµνµν

+ (Rτν +Rντ )︸ ︷︷ ︸
=0

F τν

= 0

Homogeneous ME in SR/GR:

Fµν = Aν,µ − Aµ,ν = Aν;µ − Aµ;ν Aµ : 4-vector potential

(c) Equations of motion of charged particle in an e.m. �eld

xµ(τ) : trajectory τ : proper time

(∇ẋẋ)µ = ẍµ + Γµνσẋ
ν ẋσ = e

mc
F µν(x)ẋν

come from a variational principle:

δ

∫ (2)

(1)

dτ
(
c2 +

e

mc
(ẋ, A)

)
= 0 Fixed endpoints in space time, τ not �xed
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5. Geodesic equation
↑

ẍµ+Γµνσẋν ẋσ

−→ Newtonian free fall
↑

~̈x=−~∇ϕ

Newton's equations of motion emerges as an approximamion for:

- slow particles

- in coordinates representing times & lengths in a small neighbourhood of ~x = 0

gµν(x) = ηµν for x = (ct, 0, 0, 0︸ ︷︷ ︸
~x

)

ηµν =


1
−1

−1
−1


Trajection within a region space time:

gµν(x) = ηµν + hµν(x)

|hµν | << 1
”weak gravitational �eld”

Hence hµν,0 = 0 at ~x = 0

c2 = (ẋ, ẋ) = ηµν ẋ
µẋν +O(h)

= (c2 − ~v2)

(
dt

dτ

)2

+O(h) xµ(τ) = (ct, ~x)
∣∣
t=t(τ)

⇒ d
dτ

= d
dt

up to O(v2) +O(h)

−→ ẋµ = (c, ~v)

- At �rst, particle (almost) at rest O(v) = 0 : ẋµ = (c,~0)

ẍi = c2Γi00 i = 1, 2, 3

with

Γi00 =
1

2
ηik(h0k,0 + h0k,0 − h00,k)

= −h0i,0 +
1

2
h00,i

=
1

2
h00,i

Hence

~̈x = −~∇ϕ with ϕ =
1

2
c2h00

g00 = 1 +
2ϕ

c2
ϕ : Newton's gravitational potential
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- Keep terms ∝ ~v. Then

ẍi = −c2Γi00 − 2cΓi0jẋ
j ���

Because +Γij0ẋ
j: Γ is symmetric in lower indices

with

Γi0j =
1

2
ηik(h0k,j + hjk,0 − h0j,k)

=
1

2
((h0j,i − h0i,j) at ~x = 0

Since ~x ∼= ~vt keep terms ∝ ~x in Γi00

For comparison: Newtonian description

~̈x = ~g − ~a︸︷︷︸
Führungsbeschl.

− 2~ω ∧ ~̇x︸ ︷︷ ︸
coriolis force

− ~ω ∧ (~ω ∧ ~x)︸ ︷︷ ︸
centrifugal force

−~̇ω ∧ ~x ����

(���), (����) agree for

g00 = 1 +
2

c2

(
ϕ− (~ω ∧ ~x)2

)
= 1 + h00

g0i = h0i = −1

c
(~ω ∧ ~x)i = −1

c
εijkωjxk

Indeed
2cΓi0j = c(h0j,i − h0i,j) = 2εjikωk

2cΓi0jẋ
j = 2(~ω ∧ ~̇x)i

~ω ∧ (~ω ∧ ~x) = −1

2
~∇ (~ω ∧ ~x)2

c2h0i,0 = −(~̇ω ∧ ~x)i

6. Physical meaning of curvature

We feel gravitational force from earth, but not from sun of moon, since we're in free
fall w.r.t. them. But the EP is not true when "going global", for example we have
tides, the moon doesn't act the same an the two sides of the earth.

The physical meaning of curvature is that of a relative acceleration of nearby freely
falling particles.

First consider Newtionan mechanics/SR: free particles in an inertial frame

d2~u

dt2
= 0

Now consider GR:

family of geodesics

x(τ)with 4-velocity u(x) : dx
dτ

= u (x(τ))

(u, u) = c2

}
∇uu = 0
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x are orbits of vector �eld u parametrized by proper time τ
ϕτ �ow generated by u

We want to understand the relative displacement, starting form nearby
particles at points p, q in {τ = 0}

{τ = 0} 3 p, q 7→ ϕτ (p), ϕτ (q)
{τ = 0} ⊃ γ 7→ ϕτ◦γ

vector �eld n in {τ = 0} , n = dγ
ds

np 7−→ ϕτ∗np =: nϕτ (p) (Lie transport)

Now from the de�nition of the Lie derivative:

0 =
↖(Lup)p= d

dτ (ϕτ ∗nϕτ (p))|τ=0

Lun := [u, n]

i.e. u and n commute.

Hence, by torsion = 0:
∇un︸︷︷︸
relative
velocity

= ∇nu

but we're interested in the relative acceleration, therefore we compute

∇2
un = ∇u∇nu = [R(u, u) +∇n ∇u︸︷︷︸

∇uu=0

]u

= R(u, u)u

Thus the relative acceleration of nearby particles is given by

∇2
un = R(u, u)u equation of geodesic deviation

Curvature manifests itself through relative acceleration of nearby freely falling par-
ticles (tidal forces)

Remarks:

(a) Suppose u is perpendicular to {τ = 0}, i.e.

g(u, n) = 0

Then this holds everywhere, because

u [g(u, n)] = ∇u [g(u, n)] = (∇ug︸︷︷︸
=0,
∇g=0

)(u, n) + g( ∇uu︸︷︷︸
=0,

geodesic

, n) + g(u,∇un︸︷︷︸
=∇nu

)

= 1
2
n[g(u, u)︸ ︷︷ ︸

=c2

] = 0
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(b) Let eµ be a basis of vector �elds with e0 = u

Then

〈ei,∇2
nei〉 : relative acceleration in direction i = (1, 2, 3) of particles

in direction i

From the equation of geod. dev.

3∑
i=1

〈ei,∇2
uei〉 =

3∑
i=1

〈ei, R(u, ei)u〉

R(u,n)

=0
↓
= 〈eµ, R(u, eµ)u〉 = −Ric(u, u)

This is the end of a chapter on gravitation in an external gravitational �eld.
The next chapter is even more important, namely deals with gravitational �eld itself.

5 The Einstein �eld equations

5.1 The energy-momentum tensor

SR: Energy-momentum vector pµ of a particle:

pµ =

(
E

c
, ~p

)
=

m√
1− v2

c2

(c, ~v)

m: (rest) mass
E: energy
~p: momentum

We want to generalize this to a �eld. The basic thing is that a particle is somewhere, but
a �eld is everywhere.

Field: Energy-momentum tensor T µν

T 00: energy density
T 0k: 1

c
· energy current density (in direction k)

T i0: c·momentum density (ith component)
T ik: momentum

↑
ith component

current
↑

kth direction

density

That is:

T00d
3x: energy in d3x

Ti0d
3x: c·momentum in d3x∑3

k=1 T
0kdσk : 1

c
energy �ow∑3

k=1 T
ikdσk : momentum �ow

}
from side 1 to side 2

- Symmetry: T µν = T νµ
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- Isotropy: If, in some frame, T µν is

invariant under rotations Λ =

 1 0 0 0
0
0 R
0

, R ∈ SO(3), then

T µν =


ρc2 0 0 0

0 p 0 0
0 0 p 0
0 0 0 p

, ρc2: energy density, p: pressure

- Energy-momentum conservation (for a free �eld)

T µν,ν = 0

→ d
dt

∫
x0=t

d3xT µ0︸ ︷︷ ︸
total 4-momentum

= 0

(analog in ED:jµ,µ = 0→ d
dt

∫
x0=t

j0d3x = 0)

In GR: freely falling �eld
T µν;ν = 0

Models:

1. e.m. �eld T µν = F µ
σT

σν − 1
4

(FρσF
σρ) gµν

trace: T µµ = 0 gµµ = δµµ = 4

T µν =


1

2
( ~E2 + ~B2) ~E ∧ ~B

~E ∧ ~B
1

2
( ~E2 + ~B2)δik − EiEk −BiBk


If on average T µν is isotropic

T µ µ = ρc2−
↑

because of
lowering the

indices

3p = 0 =⇒ p =
1

3
ρc2

equation of state

Further models of matter (particles, in a continuum description):

2. Dust ("cold dark matter"): Swarm of particles with a common local velocity

ρ(x): mass density in a local rest frame (LIF)
(a scalar, ρ̄(x̄) = ρ(x), by de�nition)

uµ(x):4-velocity

33



In a local rest frame

T µν =


ρc2 0

0 0

 uµ =

(
c
0

)
∗

In general
T µν = ρuµuν

because:

- both sides are tensors

- in rest frame: agrees with ∗

Similary: current density jµ = ρuµ

equations of motion:

- particle conservation:
SR: jµ,µ = 0
GR: jµ;µ = (ρuµ);µ = 0 continuity equation

- free fall

∇uu = 0
(
ẋ(τ) = u(x(τ))

∇ẋẋ = 0 = ∇uu

)

This implies
T µν ;ν = 0

Indeed:
T µν ;ν = uµ (ρuν);ν︸ ︷︷ ︸

=0,
continuity
relation

+ρ uνuµ;ν︸ ︷︷ ︸
(∇uu)µ=0
free fall

=⇒ T µν is divergence free

Conversely: T µν and uµuµ = c2 implies equations of motion since

0 =uµT
µν

;ν = uµu
µ︸︷︷︸

=c2

(ρuν);ν + ρuν uµu
µ

;ν︸ ︷︷ ︸
1
2

(uµu
µ︸︷︷︸

=c2

);ν=0

=⇒ (ρuν);ν = 0 ⇒ ∇uu = 0

34



3. Ideal �uid: Swarm of particles with mean local velocity; velocity distribution is iso-
tropic in rest frame of distribution (where mean vel.= 0)

ρ(x)c2 : energy density

p(x) : pressure

uµ : mean local 4-vector

in a local rest frame.

Classical (Newtonian) equations of motion:

∂ρ
∂t

+÷(ρ~v) = 0

ρ
((

∂~v
∂t

)
+ (~v · ~∇)~v

)
= −~∇p

}
Euler's equations

In a local rest frame:

T µν =


ρc2 0

p 0 0

0 0 p 0

0 0 p

 ∗∗
In general:

T µν =
(
ρ+

p

c2

)
uµuν − pgµν

- tensors

- reduces to ∗∗ in a local rest frame

Equations of motion: Starting point T µν ;ν = 0

T µν ;ν = uµ
((
ρ+

p

c2

)
uν
)

;ν
+
((
ρ+

p

c2

)
uν
)
uµ;ν − p;νg

µν

!
= 0

Hence:

uµT
µν

;ν = /c2
((
ρ+

p

c2

)
uν
)

;ν
− p;ν

c2
uν = 0(

gσµ −
uσuµ
c2

)
T µν ;ν =

(
ρ+

p

c2

)
(∇uu)σ − p;σ +

uσu
ν

c2
p;ν = 0

Classical limit (|~v| � c, i.e. uµ = (c, ~v))

in free fall (Γαβγ = 0)

∂ρ

∂t
+
∂

∂t

( p
c2

)
+÷(p~v) +

p

c2
÷ ~v = 0(

ρ+
p

c2

)(∂~v
∂t

+
(
~v · ~∇

)
· ~v
)

+ ~∇p+

(
∂p

∂t
+
(
~v · ~∇

)
p

)
~v

c2
= 0
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di�ers from the Euler equation, because: �uid may have particles with relativistic
velocity despite |~v| � c

reduces to Euler for small particles: p� ρc2

For several �elds: total energy-momentum tensor T µν ,

T µν ;ν = 0

5.2 The �eld equations of Gravitation FE; Einstein 1915

Gµν

↑
Einstein-Tensor

Gµν= Rµν
↑

Ricci-
Tensor

− 1
2
R
q

Rµµ

gµν

=

gravitational
constant
↓
κ T µν

↖
total

en.mom. tensor

1. "Matter tells how space-time curves": partial di�erential equations for gµν

2. 2nd Bianchi identity Gµν
;ν = 0

implies

T µν ;ν = 0 : This is a necessary condition for the �eld
equation to have solutions

(integrability condition)

(c.f. F µν
;µ = jν

c
−→ jν ;ν = 0

needed to solve
�eld eqs. in ED

)

3. In the case of dust: FE−→ T µν ;ν = 0 −→ ∇uu = 0

"Geometry tells matter how to fall"

4. equivalent writing of FE: trace of FE

R− 2R = κT
i.e. R = −κT

R = Rµ
µ

T = T µµ

Hence

Rµν = κ

(
T µν − 1

2
Tgµν

)
In particular: if T = 0 (e.g. e.m. �eld)

Rµν = κT µν

in vacuum: Rµν = 0
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5. Mean geodesic deviation relative to geodesic (4-vel. uµ)

−Ric(u, u) = −Rµνu
µuν

= −κ(Tµνu
µuν − 1

2
Tc2)

= −κ(ρc4 − 1

2
(ρc2 − 3p)c2)

= −κc
2

2
(ρc2 − 3p)

gravity is attractive if ρc2 + 3p > 0

The Newtonian Limit:

~F12 = −G0m1m2
~r

r3

pass to continous mass distribution ρ (m1  ρ(~y)d3y, m2 = m at ~x = 0)

~F = −m~∇ϕ with ϕ(x) = −G
∫
d3y ρ(~y)

|~x−~y|
∆ 1
|~x| = −4πδ(~x)

Hence:
∆ϕ = 4πG0ρ Poisson equation

Assume
gµν = ηµν + hµν |hµν | � 1

hµν,0 = 0 (hµν(t, ~x = 0) = 0)

→ Γi00 =
1

2
h00,i =

ϕ,i
c2

i.e. h00 =
2ϕ

c2

Ri
0k0 = Γi00,k − Γik0,0︸ ︷︷ ︸

=0

+O(h2)

=
1

c2
ϕ,ik

R00 =
1

c2

3∑
i=1

ϕ,ii =
∆ϕ

c2

Assume further: velocity of matter |~v| � c. Then |T ij| � T 00

(e.g. dust:
ui = γvi γ = 1√

1− v2

c2

T ij = ρuiuj = ργ2vivj, T 00 = ργ2c2

Then T ≡ Tαα ∼= T 00 = ρc2 γ ≈ 1, da |~v| � c

00-Component of FE:
1
c2

∆ϕ = κρc2(1− 1
2︸ ︷︷ ︸

1
2

) i.e. ∆ϕ = κc4

2
ρ
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=⇒ identify constants:

κ0 =
8πG0

c4︸ ︷︷ ︸
agrees with Newtonian Gravity

in case the �eld is weak (hµν ∼= 0)
& matter is slow |~v| � c

The cosmological Term: (Einstein 1917)

Gµν − Λgµν = κ0T
µν

Λ: cosmological constant, relevant today

- consistent with T µν,ν = 0 because gµν,σ = 0

- LHS of the form aGµν + bgµν is the most general expression D[g]µν which

- contains derivative of gµν of order ≤ 2
- D[g]µν ;ν = 0
(Lovelock's Theorem)

- Rewriting Gµν = κ0

(
T µν + Λ

κ0
gµν
)

→ tµν= Λ
κ0
gµν is en.-mom. tensor of vacuum

=:


ρc2 0 0 0

0 p
0 p
0 p

 p = −ρc2 = − Λ
κ0

ρc2 + p3 = −2Λ
κ0

: Λ > 0 : gravity is repelling

Today: p = Wρc2 with W ∼= −1 (dark energy)
Observational data do not prove W 6= −1

5.3 The Hilbert action

The FE can be obtained from a form covariant variational principle.
Preliminary: canonical measure associated with gµν : Transition function x = X(x̄)

dnx =

∣∣∣∣det

(
∂xi

∂x̄j

)∣∣∣∣ dnx̄ is not invariant

ḡij(x̄) =
∂xk

∂x̄i
∂xl

∂x̄j
gkl(x)
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and

g(x) = det (gij(x))

thus

ḡ(x̄) =

[
det

(
∂xi

∂x̄j

)]2

g(x)

But √
|g|dnx =

√
|g|
∣∣∣∣det

(
∂xi

∂x̄j

)∣∣∣∣ dnx̄ =
√
|ḡ|dnx̄ is invariant

Action: Let D ⊂M (space-time), compact

SD[g] =
∫
D
R
√
−g d4x R: scalar curvature of (gµν)

Property: The Euler-Lagrange equations to SD are the FE in vacuum:

δSD[g] = 0

for any variation δg vanishing on ∂D is equivalent to Gµν = 0

In fact:

δSD[g] =

∫
D

Gµνδg
µν
√
−g d4x+

∫
D

Wα
;α

√
−g d4x︸ ︷︷ ︸

=
∫
∂D

Wα√−g doα

= 0

where

Wα = gµνδΓαµν − gαµΓννµ

Note: Wα
;α

√
−g = (Wα

√
−g),α

Proof: δ
∫
D
R
√
−g d4x =

∫
D
δ (gµνRµν

√
−g) d4x

=

∫
D

(δRµν) g
µν
√
−g d4x︸ ︷︷ ︸

I

+

∫
D

Rµνδ
(
gµν
√
−g
)
d4x︸ ︷︷ ︸

II

I : Rµν = Γαµν,α − Γαµν,ν + ΓρµνΓ
α
ρα − ΓρµαΓαρν

variation at p ∈M → x0 is normal coordinate
δRµν = (δΓαµν),α − (δΓαµα),ν
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= (δΓαµν);α − (δΓαµα);ν ←Palatini-Identity
holds in any coord. throughout D

But δΓαµν is tensorial

gµνδRµν = (gµνδΓαµν);α − (gµ
α
↑
νδΓ

ν
↑
α
µα
↓
ν

);ν
↓
α

= Wα
;α

II : linear algebra: a n× n matrix A = A(x)
1

detA
d
dλ

detA = tr (A−1Ȧ) (follows: log detA = tr logA)
or else: detA = det(A1, . . . , An) Ai : i-th row

⇒ d
dλ

detA=
n∑
i=1

det(A1, . . . , Ȧi, . . . , An)

=
n∑
i=1
j=1

ȧijMij ← minor (i-th row, j-th column erased)

= (A−1)ji detA Cramer's Rule

A−1A = 1

⇒ (A−1)·A+ A−1Ȧ = 0

g = det(gik)
δg = ggµνδgµν = −ggαβδgαβ
(δgµν)gνσ = −gµνδgνσ
δ
√
−g = −1

2
√
−gδg = −1

2

√
−ggαβδgαβ

⇒ δ(gµν)
√
−g =

√
−gδgµν − 1

2
gµν
√
−g(gαβδg

αβ)

⇒ II =
√
−g
(
Rµνδg

µν − 1
2
Rgαβδg

αβ
)

=
√
−g(Rµν − 1

2
Rgµν︸ ︷︷ ︸

Gµν

)δgµν

Proof: of Wα
;α

√
−g = (Wα

√
−g),α

Wα
;α = Wα

,α + ΓααµW
µ with Γααµ = 1

2
gαβ(gαβ,µ + gµβ,α − gαµ,β︸ ︷︷ ︸

antisymmetric in
commuting α,β

)

(−√g),α = 1
2

√
−ggµνgµν,α = 1

2
gαβgαβ,µ

Remarks:

1.

δ

∫
D

√
−g d4x = −1

2

∫
D

gαβδg
αβ
√
−g d4x

Hence:

δ

∫
D

(1
2
R + Λ)

√
−g d4x = 0 =⇒ Gµν − Λgµν = 0

2. SD depends on R, and hence on ∂2g
Usual actions depend on the �elds up to their �rst derivative.
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A variant of Hilbert action of this sort is the Palatini-action

SD[g,Γ] =

∫
D

R
√
−g d4x

where R = gαβRαβ and Rαβ is the Ricci of the symmetric connention Γ independent
of g
Then

δgS = 0 ⇒ Gµν = 0

δΓS = 0 ⇒ ∇g = 0

Include matter: Consider any �eld ψ = (ψA) with action of the form:

SD[ψ,∇gψ] =

∫
D

L(ψ,∇gψ)
√
−g d4x

where ∇g is the covariant derivative of g = (gij)
L is invariant under arbitrary di�eomorphisms ϕ (or change of coordinates)
L(ϕ∗ψ,∇ϕ∗gϕ

∗ψ) = ϕ∗L(ψ,∇gψ)

= L( , ) ◦ ϕ
The Euler-Lagrange equations δψSD = 0 and

∂L
∂ψA
−∇µ

∂L
∂(∇µψA)

= 0

A symmetric energy-momentum tensor is de�ned through

δg

∫
D

L(ψ,∇gψ)
√
−1 d4x := −1

2

∫
D

T µν(x)δgµν(x)
√
−g d4x

Read LHS:
d

dλ
SD[ψ,∇g+λδgψ]

∣∣∣
λ=0

- linear in δgµν = δgνµ (test function)
- de�nes Tµν = Tνµ (distr.)
- computation may require partial integration

About T µν ;ν = 0: expresses invariance of action under change of coordinates.
Let ϕt be the �ow with generating vector �eld X (= 0 on ∂D, hence ϕt(D) = D)
Then ∫

ϕ−t(D)

L(ϕt
∗ψ,∇ϕt∗gϕt

∗ψ)
√
−gϕt∗ d4x

is independent of t −→ d
dt

(. . . ) |t=0= 0

δg
metric

=
d

dt
ϕt
∗g
∣∣∣
t=0

= LXg

(δg)µν = Xλgµν,λ + gλνX
λ
,µ + gµλX

λ
,ν

Xµ;ν +Xν;µ
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both expressions are tensor �elds, agree in normal coordinates, hence in any

Thus, by δψS = 0

d

dt
(. . . )

∣∣∣
t=0

= −
∫
D

1
2
T µν(Xµ;ν +Xν;µ)︸ ︷︷ ︸

=TµνXµ;ν=(TµνXµ);ν−Tµν ;νXµ

√
−g d4x

∫
D

W ν︷ ︸︸ ︷
(T µνXµ);ν

√
−g d4x =

∫
∂D

T µνXµ

√
−g doν

=
↑
X auf ∂D=0

0

→ T µν ;ν = 0 in all of D

Full action: ∫
D

(
1

2
R + Λ + κL)

√
−g d4x

→ δg(. . . ) = 0 : Gµν − Λgµν = κTµν
(Note: Palatini method may not work)

Example: The freely falling e.m. �eld
Basic �elds: e.m. potentials Aµ

Lagrangian:

L = +1
4
FµνF

µν

= −1
4
FµνFσρg

σµgρν

where Fµν = Aν;µ − Aµ;ν = Aν,µ − Aµ,ν

∂L
∂Aν

= 0,
∂L
∂Aν;µ

= −1

4
Fσρg

σµgρν · 4 = −F µν

E.-L. equations:

F µν
;µ = 0 (Maxwell's eqs. in free fall)

energy-momentum tensor

δg

∫
D

L
√
−g d4x =

∫
D

[
(δgL) +

1

2
δgαβδgαβ

]√
−g d4x
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with

δgL = −1
4

[FµνFσρ (gµσ(δgνρ) + (δgµσ)gνρ)]

= 1
2
FµνFσρg

µσgναgρβδgαβ

= 1
2
Fµ

αF µβδgαβ

Tαβ = −Lgαβ − FµαF µβ = Fα
µF

µβ − 1

4
(FµνF

µν)gαβ

same as in electrodynamics

6 The homogeneous isotropic universe

Goal: �nd "highly symmetricÿolution of the FE in presence of dust/ideal �uid, represen-
ting the universe (Friedmann 1922)

Idea: universe is spatially homogeneous & isotropic on large scales:

Evidence:

- matter: not homogeneous on small scales:
distance between:

stars: ∼ 1 ps: 326 light years
galaxies ∼ 106 ps
clusters ∼ 107 ps
largest structure ∼ 108 ps

beyond that: matter ∼ homogeneous & isotropic

- radiation: cosmic microwave background
isotropic up to 10−5

6.1 The Ansatz

Time Slices (in suitable coordinates) are 3-dimensional Manifolds of constant scalar curvature.
Introduce them as submanifolds

M0 ⊂ <4 : k[(x1)2 + (x2)2 + (x3)2] + (x4)2 = R0
2,

with k = 0,±1, R0 > 0; metric g0 on M0 induced by

g = (dx1)2 + (dx2)2 + (dx3)2 + (dx4)2 on <4

List them up:
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k M0 (3-dim) curvature symmetry group L
+1 sphere > 0 O(k)
0 plane = 0 E(3): Euclidean motions
−1 hyperboloid < 0 L(k)

M0 is "highly symmetric": for S ∈ S
- S(M0) = M0

- S∗g0 = g0

- any points p, p′ ∈M0 are equivalent: ∃S ∈ S : p′ = S(p) (homogenity)
- any two normalized vectors V, V ′ ∈ Tp0(M) are equivalent:
∃S ∈ S : S(p0) = p0 and V ≤ S∗V (isotropy)

Fact: Any Riemannian Manifold of sign (+ + +) and constant curvature is locally one of
the above.
Charts:

A: coordinates (x1, x2, x3, x4)

x4 =
√
R0

2 − kr2 ≡ w(r), r =
√

(x1)2 + (x2)2 + (x3)2

(for k = +1: upper hemisphere only)

∂x4

∂xi
=

1

2w(x)
(−k)

∂x2

∂xi
= −kx

i

w

dx4 =
3∑
i=1

∂x4

∂xi
dxi = − k

w

3∑
i=1

xidxi

g0 =
3∑
i=1

(dxi)2 +
k

R0
2 − kr2

3∑
i,j=0

xixjdxidxj

B: coordinates (r, θ, ϕ)

x1 = r cos θ cosϕ x3 = r sin θ

x2 = r cos θ sinϕ dx4 = w′(r)dr = −kr
w
dr

g0 = r2
(
(dθ)2 + sin2 θ(dϕ)2

)
+ (dr)2 +

kr2

w2
(dr)2︸ ︷︷ ︸

=
(

1+ kr2

w2

)
dr2=

R0
w
dr2

Variant: coordinates (χ, θ, ϕ)

r = R0


sinχ
χ
sinhχ

w(r) = R0


cosχ k = +1
1 k = 0
coshχ k = −1

g0 = R0
2

dχ2 +


sin2 χ
χ2

sin2 χ

(dθ2 + sin2 θdϕ2
)

44



Spacetime: M = I ×M0, I ⊂ < (interval)
Metric

g = dt2 − a2(t)g0︸ ︷︷ ︸
Friedmann-Metric

, a(t) > 0 (c = 1)

(warped product)
The only 4-velocity �eld consistent with isotropy is

u = (1, 0, 0, 0)

Particles moving with u have constant coordinates in charts A,B: comoving coordinates.
For such particles t is not only coordinate time but proper time.

Consequences:

- Hubble law: d(t): spatial distance between any two such particles
d(t) = a(t)d0

expansion rate: ḋ(t)
d(t)

= ȧ(t)
a(t)

= H(t) → Hubble constant

is the same for all pairs: relative velocity is proportional to velocity:

ḋ(t) = H(t)d(t); Today: H(now) ∼= 72km/s
Mpc

- cosmological redshift νi: frequencies, νi∆τ
(i) = 1

ν2

ν1
= ∆τ (1)

∆τ (2)

(1), (2) at rest, comoving, x(t) = (t, x(t))

~x(t) runs radially, by isotropy

dt = a(t)R0

w
dr, since light runs along null geodesic and ~x(t) radially

hence ∫ r

0

dr

w
= R0

−1

∫ t2

t1

dt

a(t)
= R0

−1

∫ t2+∆t2

t1+∆t1

dt

a(t)

⇒ ∆t1
a(t1)

=
∆t2
a(t2)

⇒ ν2

ν1

=
∆τ (1)

∆τ (2)
=
a(t1)

a(t2)
, i.e.

If the universe is expanding, i.e. a(t2) > a(t1) then ν2 < ν1,

write ν1

ν2
= 1 + z

↑
redshift

Observations: z up to 7, 8

Remark:
(R0, a(t)) and (λR0, λ

−1a(λ)) describe the same model (redundancy)
Set R0 = 1, formally replace k/R0

2  k

Ansatz: ideal �uid, T µν = (ρ+ p)uµuν − pgµν with p = p(ρ) (equation of state) with
uµ = (1, 0, 0, 0) (by isotropy), ρ = ρ(t) (by homogeneity)
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6.2 The �eld equations

To show: FE satis�ed by suitable choice of a(t), ρ(t)
By symmetry: Enough to consider a point (t, 0, 0, 0) for all t.
Curvature contains ∂2g  enough to keep Taylor expansion of g(t, x1, x2, x3) up to 2nd

order in ~x. We have

gµν =


1 0
0

0 −a2(δjk + kxjxk)

0


Hence

gµν,σ = 0, µ = 0 or ν = 0

gik,0 = −2aȧδik 1st order is enough

gik,l = −a2

Remember: Γµνσ = 1
2
gµρ (gνρ,σ + gσρ,ν − gνσρ)

Result:
Γ0

ii = −1
2
(−2aȧ) = aȧ

Γii0 = Γi0i =
ȧ

a
Γill = kxi

others vanish

- Ricci tensor:

R00 = −3ä/a

Rjj = aä+ 2ȧ2 + 2k

(others = 0; Rjk ∝ δjk by isotropy)

e.g.

R00 = Rα
0α0 = Γα00,α︸ ︷︷ ︸

=0

− Γαα00︸ ︷︷ ︸
−3( ȧa)

•

+ Γσ00︸︷︷︸
=0

Γαασ − Γσα0Γα0σ︸ ︷︷ ︸
σ→i
α→i
−3( ȧa)

2

= −3

(
ä

a
− ȧ2

a2
+
ȧ2

a2

)
- scalar curvature:

R = Rµ
µ = R00 −

1

a2

3∑
i=1

Rii

= − 3

a2

(
aä+ aä+ 2ȧ2 + 2k

)
= − 6

a2

(
aä+ ȧ2 + k

)
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- Einstein tensor:

Gµν = Rµν − 1
2
Rgµν , is diagonal

G00 =
3

a2

(
ȧ2+

)
Gjj = −

(
2aä+ ȧ2 + k

)
- Energy-momentum tensor:

T00 = ρ

Tjj = pa4

- FE: (only interesting parts are diagonal ones)

Gµν − Λgµν = κTµν

(00)-component: 3

a2

(
ȧ2 + k

)
− Λ = ρ

+(2aä+ ȧ2 + k − Λa2 = −pa2

 Friedmann Equations
(jj)-component:

Remarks:

1. a(t), ρ(t) are solutions. Then so are a(t− t0), ρ(t− t0) and a(−t), ρ(−t)

2. "1st law of thermodynamics"

d

dt

(
1
3
ρa3
)

= ȧ(ȧ2 + k) + a2ȧä− Λa2ȧ = ȧ(2aä+ ȧ2 + k − Λa)

= −pa2ȧ = −p d
dt

( 1
3
a3︸︷︷︸

Volume

)

replaces 2nd Friedmann equation

3. 1st law is

0 = T µν ;ν = T µν,ν + ΓννρT
µρ + ΓµνρT

ρν

for µ = 0 :

T 0ν
;ν = ρ̇+ 3

ȧ

a
ρ+ 3aȧ

p

a2

=
1

a3

[
d

dt

(
ρa3
)

+ p
d

dt
a3

]
!

= 0

47



4. Equation of state p = Wρ

W = 0: dust, W = 1
3
: isotropic e.m. radiation, (W = −1: Vacuum)

d

dt
(ρa3)·a3W = −Wρ

d

dt
a3·a3W

⇒ d

dt

(
ρa3(1+W )

)
= 0

ρ ∝ a−3(1+W ) =


a−3 W = 0
a−4 W = 1

3

a0 W = −1

Universe goes from being radiation dominated to matter to vacuum dominated

Henceforth: dust (ΛCDM) Λ cold dark matter

1

3
ρa3 = C > 0 constant

Then

ȧ2−1

3
Λa2 − C

a︸ ︷︷ ︸
V (a)

= −k

Analogy: Energy conservation of particles moving in 1-dim.
(

1
2
m = 1

)
in a

potential V (a) and total energy −k

Special cases:

(a) static universe (Einstein 1917)

k = +1: V (a) = −1, V ′(a) = 0
↓ ↓

−Λa2 = −1 ← −2
3
Λa+ C

a2 = 0⇒ C = 2
3
a3Λ

Hence
a = Λ−

1
2 , ρ = 2Λ unstable equilibrium

(b) de Sitter universe (1917)

C = 0 no matter, Λ = 0

ȧ2 − 1

3
Λa2 = −k

a(t) =


1
α

coshαt k = +1
1
α
eαt k = 0

1
α

sinhαt k = −1

with α2 = Λ
3
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(c) Λ = 0 : V (a) = −C
a

Big Bang or Big Crunch (or both if k = +1)

Solutions a(t) with a(0) = 0

Parametric representation

k = +1:

a = 1
2
C(1− cos η)

t = 1
2
C(η − sin η)

(0 < η < 2π)

k = 0:

a =

(
9C

k

) 1
3

t
2
3 Einstein-de Sitter universe

k = −1:

a = 1
2
C(cosh η − 1)

t = 1
2
C(sinh η − η)

(0 < η < 2∞)

e.g. k = +1:

da = 1
2
C sin ηdη

dt = 1
2
C(1− cos η)dη

ȧ =
da

dt
=

sin η

1− cos η
=⇒ ȧ2 =

sin2 η

(1− cos η)2
=

1 + cos η

1− cos η

− C

a
= − η

1− cos η

⇒ ȧ2 − C

a
=

cos η − 1

1− cos η
= −1

General case: solutions are parametrized by

Λ, C, a(t0)

Instead (usual case in cosmology): - t0 today
- new parameters (re�ecting today's
properties of universe)
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Reintroduce R0:

ȧ2 − 1

3
Λa2 − C

a
= − k

R0
2

Divide by ȧ(t0)2 (6= 0, excludes static solutions)(
ȧ(t)

ȧ(t0)

)2

− 1

3
Λ

(
a(t)

ȧ(t0)

)2

− 1

3

ρ(t0)a(t0)3

ȧ(t0)2a(t)
= − k

R0
2ȧ(t0)

Pick R0 so that a(t0) = 1 (g0 describes distances today)

H ≡ H(t0) =
ȧ(t0)

a(t0)
= ȧ(t0)

ȧ2

H2
− (ΩΛa

2 + Ωma
−1) = − k

R0
2H2

=: Ωk =
↑

t=t0

1− ΩΛ − Ωm

F

with

ΩΛ =
1

3

Λ

H2
, Ωm =

ρ(t0)

3H2

New parameters: H,ΩΛ,Ωm determine also
k = −sign Ωk

F is energy conservation of non-relativistic particle (mass 2
H2 ),

potential
U(a) = −(ΩΛa

2 + Ωma
−1)

total energy Ωk

Depending on sign ΩΛ = sign Λ we get di�erent types of motion:

Λ = 0 Ωk = 1− Ωm

Ωm < 1 inde�nite expansion a(t) with

lim
t→∞

ȧ(t) > 0

Ωm = 1 inde�nite expansion

ȧ(t)
t→∞→

Ωm > 1 �nite expansion, recollapse

Λ < 0 �nite expansion, recollapse
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Λ > 0 U(a) has maximum

U(amax) = −3Ω
1
3
Λ(

Ωm

2
)

2
3

amax = (
Ωm

2ΩΛ

)
1
3

If amax > a(t0) = 1, i.e.
Ωm > 2ΩΛ

then expansion is deceleration

Motion is bounded (from above or below) if

1− ΩΛ − Ωm < −3ΩΛ

1
3 (

Ωm

2
)

2
3

can occur only for ΩΛ + Ωm > 1

-if ΩΛ small: 1− Ωm < −3ΩΛ

1
3 (Ωm

2
)

2
3

ΩΛ

Ωm
< 4

(
Ωm−1
3Ωm

)3

-if Ωm small: Ωm
ΩΛ

< 2
(

ΩΛ−1
3ΩΛ

) 2
3

Age of universe:

- in decelerating models (ä(t0) ≤ 0): ä(t) ≤ 0 in the past t ≤ t0

Thus t0 ≤ H−1 (Hubble time)

- In general:

ȧ2

H2
= Ωk − U(a)

da

dt
= H

√
Ωk − U(a)

t0 =

∫ t0

0

dt = H−1

∫ 1

0

da√
Ωk − U(a)

6.3 Which universe do we live in?

Observations −→ H,ΩΛ,Ωm

H = ȧ(t0)
a(t0)

from redshift & distance: light from far away galaxies

ts: sending time, t0: receiving time

a(ts) = a(t0)− ȧ(t0)(t0 − ts) +
1

2
ä(t0)(t0 − ts)2 + . . .

= a(t0)

[
1−H(t0 − ts)−

1

2
H2q(t0 − ts)2 + . . .

]
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for t0 − ts small compared to age of universe

q = −a(t0)ä(t0)
ȧ(t0)2 "deceleration parameter"

vs
v0

= 1 + z = a(t0)
a(ts)

⇒ 1 + z = 1 +H(t0 − ts) +H2(1 + 1
2
q)(t0 − ts)2 + . . .

Distance today:

d = a(t0)R0

∫ r

0

dr′

w(r′)
= a(t0)

∫ t0

ts

dt

a(t)

= (t0 − ts) +
1

2
H(t0 − ts)2

Eliminate t0 − ts from equations

z = Hd+
1

2
(1 + q)(Hd)2 + . . . (distance-redshift relation)

Lowest order: interpret as Doppler: 1 + z = 1 +
v

c

z = ḋ(t0) = H(t0)d(t0)
H = z

d
:

- z from spectra (emission or absorption)
- d standard candles (Cepheids, Supernovae of type Ia)

In higher order −→ q

2q = Ωm − 2ΩΛ from
ȧ2

H2
− (ΩΛa

2 + Ωma
−1) = Ωk

Cosmic Microwave Background (CMB) = black body radiation at T = 2.73 K isotropic

Origin: Nuclei & electrons combined to neutral atoms at T = 3000 K
Neutral atoms are transparent to e.m. radiation

⇒ red-shifted ever since by 1 + z = 3000 K
2.71 K

= 1100

a(ts) =
a(t0)

1 + z
=

1

z

1st Friedmann

ȧ(ts)
2

H2
− (ΩΛa(ts)

2︸ ︷︷ ︸
=0

+Ωma(ts)
−1) = 1− ΩΛ︸︷︷︸

=0

−Ωm

H(ts)
2 =

ȧ(ts)
2

a(ts)2
= H2Ωma(ts)

−3 = H2Ωmz
3

Intensity �uctuations of order 10−5 of CMB
correlation length (�standard rules�)

∆s = 2H(ts)
−1 (. . . )

Seen on . . . at
∆ϕ ≈ 1◦

z,∆s,∆ϕ determine geometry: open, �at, closed
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∆s = a(ts)r∆ϕ = z−1r∆ϕ

∆s = 2H(ts)
−1 = 2H−1Ωm

− 1
2 z−

3
2

r

R0

= 2

(
Ωk

Ωm

) 1
2

z−
1
2 (∆ϕ)−1

r

R0

=


sinχ k = +1
χ k = 0
sinhχ k = −1

 := sinnχ

with dχ = dr
dw(r)

w(r) =
√
R0

2 − kr2

χ =

∫ 1

0

dr

w(r)
= R0

−1

∫ tr

ts

dt

a(t)

= R0
−1

∫ 1

0

da

aȧ

= (Ωk)
1
2

∫
da

a
√

Ωk − U(a)

Another constraint on ΩΛ,Ωm

ΩΛ + Ωm = 1.02± 0.02

Altogether:
Ωm = 0.27± 0.04

ΩΛ = 0.73± 0.04
(baryonic dark matter)

→CMB power spectrum→0.02−0.04

Age of universe:
≈ 1H−1 = 13.7 · 109 years

6.4 The causality and the �atness problems

Conformal time η: dt = R0a(t)dη
Thus:

g = R0
2a(t)2

(
dη2 − (dχ2 + sinn2 χ((dθ)2 + sin2 θdϕ2))

)
Normalize η = 0 at t = 0

η = R0
−1

∫ 1

0

dt′

a(t′)
FF

possible if integral is convergent at t′ = 0.

Equation of state p = Wρ (W = const.)

→ a(r) ∝ tα, (t→ 0), α =
2

3 +W

FF is convergent if α < 1, i.e. W > −1

Then, for t→ 0

η ∝ t

a(t)
∝ 1

ȧ(t)
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more precisely

η(t) ≈ 2

1 +W
(R0ȧ(t))−1

Geodesics ending at χ = 0 come in radially (dθ = dϕ = 0)

g = R0
2a(t)2

(
dη2 − dχ2

)
: conformally equivalent to (1 + 1)-Minkowski

→ null geodesics run at ± 45◦

Observers at χ (�xed) causally connected to p only for χ ≤ η
i.e. at most at distance

d = R0a(t)η =
2

1 +W

a(t)

ȧ(t)
=

2

1 +W
H(t)−1

For t = ts and W = 0:

d = 2H(ts)
−1 (today: at ∆ϕ ≈ 1◦

)
CMB is homogeneous on all of sky, thus includes regions causally disconnected at ts

CAUSALITY PROBLEM!

Possible solution: in�ation (W ≈ 1)
→ η is unbounded below
⇒ causality problem disappears

FLATNESS PROBLEM:

1− ΩΛ − Ωm = − k

R0
2ȧ(t0)2

= Ωk

Similarly in the past:

Ωk(t) = − k

R0
2ȧ(t0)2

Ωk(t)

Ωk

=
ȧ(t0)2

ȧ(t)2
=

H2

ȧ(t)2
a(t0) = 1

=
1

Ωk + ΩΛa2 + Ωma−1

⇒ In the past, a(t)→ 0

Ωk(t)→ 0

Universe must have been much �atter in the past (so that it is still quite �at today):

Possible solution: in�ation

because it drives Ωk(t)
Ωk
→ 0
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7 The Schwarzschild-Kruskal metric

7.1 Stationary and static metrics

(M, g) pseudo-Riemannian manifold. Let ϕs : M → M with ϕs
∗g = g be a �ow of

isometrics

Generation vector �elds of ϕs:

Kf =
d

ds
(f ◦ ϕs)

∣∣∣
s=0

satis�es

LKg =
d

ds
(ϕs
∗g)
∣∣∣
s=0

= 0

De�nition: A vector �eld K with LKg = 0 is a Killing Field

De�nition: A vector �eld V with g(V, V ) =


> 0 is timelike
= 0 is lightlike
< 0 is spacelike

De�nition: A metric g is (locally) stationary if there is a chart so that

gµν,0 = 0 and ∂
∂x0 timelike

Then K = ∂
∂x0 , i.e. K

µ = (1, 0, 0, 0) and

(LKg)µν = Kλgµν,λ︸ ︷︷ ︸
gµν,0

+gλν K
λ
,µ︸︷︷︸

=0

+gµλK
λ
,ν︸︷︷︸

=0

So K is a timelike Killing �eld. Conversely, g is stationary if there is a timelike so that
LKg = 0, (K,K) = 0.

Proof: By construction of a chart where . . . holds true. Let ϕt be the �ow generated
by K and M ⊃ F be a spacelike 3-surface. (i.e. its tangent vectors are spacelike)
with some coordinates (x1, x2, x3)↔ p0

Set (t, x1, x2, x3)↔ ϕt(p0) ∈M . In this chart

ϕs(t, x
1, x2, x3) = (t+ s, x1, x2, x3) and

Kµ = (1, 0, 0, 0)

So

0 = (LKg)µν = Kλgµν,λ + 0 + 0 = gµν,0
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De�nition: A metric is (locally) static if in a chart (xµ = (x0, ~x))

∂

∂x0
timelike︸ ︷︷ ︸

⇔g00(~x)≥0

and g = gµνdx
µdxν = g00(~x)(dx0)2 +

3∑
i,k=1

gik(~x)dxidxk

I.e. static ≡ stationary & g0j = 0

Remark: In a (slowly) rotating frame, g0i = −1
c
(~ω ∧ ~x)i

So when g is static there is a globally non-rotating �eld (and vice-versa)

Intrinsic formulation: K = ∂
∂x0 , K

µ = (1, 0, 0, 0) is timelike Killing Field

K̂
↑

1-form

= gK → K̂µ = (g00, 0, 0, 0)

K̂ = K̂µdx
µ = g00dx

0, dK̂ = dg00 ∧ dx0

→ K̂ ∧ dK̂ = dx0 ∧ (dg00 ∧ dx0) = 0

7.2 The Schwarzschild metric

Ansatz: for metric g = ds2 solving the FE in vacuum

Rµν = κ0

(
T µν − 1

2
Tgµν

)
= 0

shall describe exterior
↑

because there
is vacuum

of spherically symmetric non-rotating star

(in classical physics: ϕ = −G0M
r

)

ds2 = e2a(r)dt2 −
[
e2b(r)dr2 + r2(dθ2 + sin2 θdϕ2)

]
>

on M = <
∈
t0

× I
∈
r

× S2

∈
~e
⇔

(θ,ϕ)

, with a(r), b(r) arbitrary (later to be determined from Rµν = 0 (FE))

Remarks:

1. Metric is static, invariant under rotations of S2

2. The most general which is static, spherically symmetric is of the form > in suitable
coordinates (without proof)

De�nition: (M, g) spherically symmetric:

(a) SO(3) 3 R acts on M as isometrics, i.e. R : M →M, p 7→ R(p) with R∗g = g

(b) for each p ∈M , the �orbit� {R(p) ∈M |R ∈ SO(3)} is spacelike 2-surface

3. Replacing r2 → f(r) (f > 0 arb.) still satis�es property (a)
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Keeping r2: Area of the sphere with coordinate r is 4πr2

Length of great circle on there is 2πr
(but radius 6= r)

4. Transition function t̃ 7→ t = ect̃ (→ dt = ecdt̃)
(r,θ,ϕ: �xed)

amounts to
a(r) a(r) + c = ã(r)

→ a, ã represents the same spacetime (metric) but in di�erent charts

Christo�el symbols: check selected symbols

Γttr = 1
2
gt

summation index, the only one giving result 6= 0 is t
↓
t (gtt,r + grt,t − gtr,t︸ ︷︷ ︸

both =0,
because o�-diagonal

)

= 1
2
e−2a(r) d

dr

(
e2a(r)

)
=

1

2
2a′(r) = a′(r)

Γrtt = 1
2
grr(gtr,t︸︷︷︸

=0

+ gtr,t︸︷︷︸
=0

−gtt,r)

= 1
2

(
−e−2b(r)

) d
dr

(
−e2a(r)

)
= a′e2(a−b)

Γttt = 1
2
gtt( gtt,t︸︷︷︸

=0, metric stationary

+gtt,t − gtt,t) = 0

Ricci:

Rtt = Γαtt,α
α=r

− Γααt,t︸ ︷︷ ︸
=0

+Γσtt
σ=r

Γαασ − ΓσαtΓ
α
tσ︸ ︷︷ ︸

α = t, σ = r
α = r, σ = t

=
d

dr
a′e2(a−b) + a′e2(a−b) (a′ + b′ + r−1 + r−1

)
− a′e2(a−b)a′ · 2

=

(
a′′ − a′b′ + a′2 + 2

a′

r

)
e2(a−b)

Field equations in vacuum: Rµν = 0

- From Rtte
−2(a−b) +Rrr = 0

/
2

r
(a′ + b′) = 0

hence a+ b = C = 0 (without loss of generality by Remark 4)

- From R00 = Rϕϕ = 0:

1 = e−2b − 2rb′e−2b =
(
re−2b

)′
→ re−2b = r − 2m (integration constant m) → e−2b = 1− 2m

r
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- From Rtt = 0:

−
(
−b′2 + b′′ − b′2

)
− 2b′

r
= 0(

r
(
2b′2 − b′′

)
− 2b′

)
e−2b = 0

already satis�ed

d

dr
(1− 2rb′) e−2b =

d

dr
1 = 0

Result:

g = ds2 =

(
1− 2m

r

)
dt2 −

[(
1− 2m

r

)−1

dr2 + r2
(
dθ2 + sin2 θdϕ2

)]
for r →∞: g tends to Minkowski metric in spherical coordinates

Newtonian potential ϕ in weak �eld

ϕ =
c2

2
(g00 − 1) = −mc

2

r
= −G0M

r

⇒ m =
G0M

c2
(> 0)

At r = 2m (Schwarzschild radius), gαβ becomes singular (r > 2m for now) in the chart

- light cones: ds2 = 0: (
dt

dr

)2

=

(
1− 2m

r

)−2

∣∣∣∣ dtdr
∣∣∣∣ = ±

∣∣∣∣1− 2m

r

∣∣∣∣−1

degenerate at r = 2m

infalling light, starting from (t0, r0)

dt =

(
1− 2m

r

)
(−dr)−1 = − r

r − 2m
dr∫ t

t0

dt =

∫ r0

r

r

r − 2m
dr

→ +∞ as r ↘ 2m

- The line r = 2m (θ, ϕ �xed) is a single event: dτ 2 =
(
1− 2m

r

)
dt2 = 0

dτ

dt

∣∣∣
r �xed

=

(
1− 2m

r

) 1
2 →
r ↘ 2m 0
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- One �nds: (R = 0)

RαβγδR
αβγδ =

48m2

r2
(invariant)

regular at r = 2m

- We'll see: there is a chart extending past r = 2m

Example: Sun: r = 2m ∼= 3
↑
irrelevant

km, R0 = 7 · 105 km

7.3 Geodesics in the Schwarzschild metric

- timelike geodesics: free fall of a body
→ orbits of planets
→ deviations from Kepler's law

(perihelion advance)1

- null geodesics: light ray
→ light de�ection1

Lagrangian Function:

L = g(ẋ, ẋ) ˙ =
d

dτ
τ : a�ne parameter

=
(
1− 2m

r

)
ṫ2 −

(
1− 2m

r

)−1
ṙ2 − r2

(
θ̇2 + sin2 θϕ̇2

)
(timelike: L = 1

→τ : proper time

, null geodesic L = 0)

Geodesic equation:=Euler-Lagrange equations for L

θ-equation:
∂L
∂θ

= −2r2 sin θ cos θϕ̇2

∂L
∂θ̇

= −2rθ̇

−→ −(r2θ̇)• + r2 sin θ cos θϕ̇2 = 0

θ(t) ≡ π
2
is solution: orbit is in equatorial plane

In general: initial values ~e, ~̇e : ~e ⊥ ~̇e
de�ne plane in R3:
take it as equatorial plane

→ θ = π
2
, θ̇ = 0

→ θ(t) ≡ π
2

→ orbits are planar

59



Alternatively: deduce from rotational symmetry by Noether

Lagrangian: (planar problem)

L = L(/t, r, /ϕ, ṫ, ṙ, ϕ̇, /τ)

=
(
1− 2m

r

)
ṫ2 −

(
1− 2m

r

)−1
ṙ2 − (rϕ̇)2

ϕ, t cyclic variables: conservation law

1

2

∂L
∂ϕ̇

= −r2ϕ̇ = −l (l : angular momentum)

1

2

∂L
∂ṫ

=

(
1− 2m

r

)
ṫ = ε �energy�

independence of τ : L conserved

Problem reduces to radial one:

L =

(
1− 2m

r

)−1 (
ε2 − ṙ2

)
− l2

r2

ṙ2 +

(
1− 2m

r

)(
L+

l2

r2

)
︸ ︷︷ ︸

V (r)

= ε2

Radial motion:

- particle of mass 1 (L = 1)
1
2
ṙ2 + 1

2
V (r)︸ ︷︷ ︸

e�ective potential
for radial motion

= ε2

2

1
2
V (r) = 1

2
↑

additive
const.

−m
r︸︷︷︸

Newtonian
potential

+ l2

2r2︸︷︷︸
centrifugal
barrier︸ ︷︷ ︸

Non-relativistic

−ml2

r3︸ ︷︷ ︸
GR correction

(m = G0M)

Features:

1. l = 0: 1
2
V (r) = 1

2
− m

r
as with Newton

particle crosses r = 2m in �nite proper time

2. Even for l > 0: capture is possible

3. 1
2
V ′(r) = m

r2 − l2

r3 + 3ml2

r4 = 1
r4 (mr2 − l2r + 3ml2)

l �xed:

Non-relativistic: One circular orbit

r0 =
l2

m
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GR: Either two or none:

r± =
l2 ± (l4 − 12m2l2)

1
2

2m

for l2 > 12m2 (none otherwise)

r+ stable, r− unstable

• light (L) = 0

V (r) =
(
1− 2m

r

)
l2

r2

For ε2 > l2

27m2 : capture >>
Meaning of l, ε: equation of straight line

in polar coordinates:

r sinϕ = b

ṙ r sinϕ︸ ︷︷ ︸
0

+ r2ϕ̇︸︷︷︸
l

cosϕ = 0

at t 7→ ∞ (ϕ→ 0) : ṙ = dr
dτ

= dr
dt

dt
dτ
→ −ε

−εb+ l = 0

⇒ b =
l

ε

>> : b2 =

(
l

ε

)2

< 27m2

Crosssection for capture:
σ = πb2 = 27πm2

Trajectories: goal: r = r(ϕ)

use u = 1
r

→ u̇ = − 1
r2 ṙ = −u2ṙ, ϕ̇ = lu2

→ u′ = du
dϕ

= u̇
ϕ̇

= − ṙ
l

u′2 =
ε2

l2
− (1− 2mu)

(
L
l2

+ u2

)
d

dϕ
: /2 /u′u′′ = /2u/u′ +

/2mL
l2

/u′ + /2m3u2 /u′︸ ︷︷ ︸
GR

u′′ + u− L m
l2

= 3mu2
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i) Perihelion Advance

timelike geodesics: L = 1 τ = proper time

u′′ + u− m

l2
= 3mu2

(Non relativistic case: u′′ + u = m
l2

Solution:

u0 = 1
d
(1 + ε cosϕ)

d =
l2

m
= a(1− ε2)

(ε > 0 : perihelion at ϕ = 0)

i.e.

r(ϕ) =
1

u0

=
d

1 + ε cosϕ
ellipse)

pertubative ansatz: u = u0 + v

1st order in v (or m, while m
l2
�xed)

v′′ + v =
3m

d

(
1 + 2ε cosϕ+ ε2 cos2 ϕ

)
> > >

with initial condition v(0) = v′(0) = 0

> > > is superposition of v′′ + v =


A1

A2 cosϕ
A3 cos2 ϕ

−→ v =


A1
1
2
A2ϕ sinϕ
A3(1

2
+ 1

6
cos 2ϕ− 2

3
cosϕ

only the 2nd order contributes.

∆ϕ = − u
′(2π)

u′′(2π)

u′(2π) = u′0(2π)︸ ︷︷ ︸
=0

+v′(2π) = A2π =
6πmε

d2

U ′′(2π) = u′′0(2π) +O(m) = − ε
d

⇒ ∆ϕ = − u
′(2π)

u′′(2π)
=

6πm

a(1− ε2)

in full agreement with observations: Mercury ∆ϕ = 43′′ per century (after subtrac-
ting in�uence of other planets ∆ϕ = 591′′/century)

(apparent precession of equinoxes ∆ϕ = 5000′′/century)
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ii) De�ection of light

null geodesics, L = 0 : u′′ + u = 3mu2

(unpertubed: u′′ + u = 0, solutions u0 = b−1 sinϕ → r = 1
u0

= b
sinϕ

→ r sinϕ = b

(phase such that perihelian is at ϕ = π
2
)

i.e. we have a straight line, as expected.)

pertubed: u = u0 + v

v′′ + v = 3mu2
0 = 3mb−2 sin2 ϕ

with v = 0, v′ = 0 at ϕ =
π

2

solution:

u = u0 + v =
sinϕ

b
+

3m

b2

(
1

2
+

1

6
cos 2ϕ− 1

3
sinϕ

)
=
ϕ

b
+

3m

b2

(
2

3
− 1

3
ϕ︸︷︷︸

O(m)

)
+O(ϕ2)︸ ︷︷ ︸
O(m2)

Zero shifted from ϕ = 0 to ϕ = ϕ∞

ϕ∞ = −2m

b

Total de�ection

δ = 2|ϕ∞| =
4m

b
=

1.75′′

b/Rodot

Experiment (1919, total eclipse)

^(A,B) increased by 2δ at eclipse

7.4 The Kruskal extension: Black Hole

The singularity at r = 2m is fake: failure of chart.
There is an extension of the Schwarzschild metric (Kruskal, 1960)

Kruskal transformation: (u, v)↔ (t, r), θ, ϕ �xed

u =
( r

2m
− 1
) 1

2
e

r
4m cosh

(
t

4m

)
v =

( r

2m
− 1
) 1

2
e

r
4m sinh

(
t

4m

)
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We have (cosh2− sinh2 = 1):

u2 − v2 =
( r

2m
− 1
)
e

r
2m = g

(
r

2m

)
> > >>

v

u
= tanh

(
t

4m

)
{r < 2m} ↔ {|v| < u}

Metric in new coordinates:

g =

(
1− 2m

r

)
dt2 −

(
1− 2m

r

)−1

dr2

=
32m2

r
e−

r
2m (dv2 − du2)

conformally equiv. to Minkowski in (u, v)-space
→ light cones at 45◦

+ angular part (dθ, dϕ) > > > > >

with r = r(u, v) as a solution of > > >>

Proof: rescale r = 4mr′, t = 4mt′ (drop ', e�ectively 4m = 1)

du =
∂u

∂r
dr +

∂u

∂t
dt = 2r (2r − 1)−

1
2 er cosh(t) dr + (2r − 1)

1
2 er sinh(t) dt

dv = 2r (2r − 1)−
1
2 er sinh(t) dr + (2r − 1)

1
2 er cosh(t) dt

dv2 − du2 = (2r − 1)e2r(dt)2 − 4r(2r − 1)−1e2r(dr2)

= 2r e2r
[(

1− 1
2r

)
(dt)2 −

(
1− 1

2r

)−1
(dr)2

]
The extension: g(x) is monotonic increasing (g′ > 0) for

x ∈ (0,+∞) r → g(x) ∈ (−1,+∞)

Hence r = r(u, v) uniquelly determined by > > >> as long as

u2 − v2 > −1, i.e. v2 − u2 < +1

So the metric de�ned by > > > > > extends from I to I − IV , still solving Rµν = 0!
Remarks:

1. On region II, introduce Schwarzschild coordinates (t ∈ R, r < 2m)

u =
(

1− r

2m

) 1
2
e

r
4m sinh

(
t

4m

)
v =

(
1− r

2m

) 1
2
e

r
4m cosh

(
t

4m

)
=⇒ v2 − u2 =

(
1− r

2m

)
e

r
2m ,

u

v
= tanh

(
t

4m

)
II =

{
(u, v)|0 < v2 − u2 < 1, v > 0

}
↔ {(r, t)|0 < r < 2m, t ∈ R}
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g ↔ Schwarzschild metric
But: r is time coordinate

t is space coordinate

2. v = u is an event horizon: boundary of the region1

causally connected to distant observer

Any particle entering II will reach singularity r = 0 within �nite proper time

Timelike curve crossing horizon reaches singularity r = 0 in �nite proper time:
x(λ) (arbitrary parameter) with du

dλ
, dv
dλ

�nite
As λ→ λ∗

↓
=0,wlog

(corresponding to r = 0)

Then

u2 − v2 = O(λ)

r = O(λ
1
2 )

τ =

∫ λ∗=0 ds

dλ
dλ ∼

∫ λ∗=0

r−
1
2dλ ∼

∫ λ∗=0

λ−
1
4 < +∞

Visualization: Equatorial plane θ = 0 in the time slice {t = 0} (2-dim)
embedded in 3-dim Euclidean space (cyclic coordinates z, r, ϕ) as a
graph r = r(z) (surface of evolution)

�x ϕ

−ds2 =

(
1− 2m

r

)−1

︸ ︷︷ ︸
r

r−2m

dr2︸︷︷︸
r′(z)2dz2

= r′(z)2dz2 + dz2

r′(z)2

(
r

r − 2m
− 1

)
︸ ︷︷ ︸

2m
r−2m

= 1 ⇒ r′(z)2 =
r − 2m

2m

solution:

r(z) =
z2

8m
+ 2m

(
→ r′(z) =

z

4m

)
Einstein-Rosen-Bridge

Application: Collapsing stars Star masses 0.07 M� < M . M� End of thermonuclear
evolution

- star may lose mass
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- remaining mass


M. 2M�

M ≤ 1.4M� white dwarf
↗
↘

1.4M� ≤M ≤ 2M� neutron star
M ≥ 2M� black hole (nothing can sustain gravity)

Theorem: (Israel) Any static black hole is Schwarzschild (and hence spherical symmetric)

Theorem: (Birkhof) The most general solution of Rµν = 0 which is sphericylly symmetric
(but not necessary static) is a piece of the Schwarzschild-Kruska metric

Remark: c.f. Newtonian gravity: spherically symmetric
mass distribution (but not static):

ϕ(r) = −G0M
r

→ independent of t
(M: total mass, const)

Proof (sketch): in suitable coordinates

ds2 = e2adt2 −
(
e2bdr2 + r2

(
dθ2 + sin2 θdϕ2

))
with a = a(t, r)

↑
new

, b = b(t, r)
↑

new

Transformation compatible with Ansatz:

dt̃ = e−c(t)dt i.e. t 7→ t̃ =

∫ t

e−c(s)ds

eã(t̃,r) = eã(t̃,r)−c(t)dt ≡ ea(t,r)dt

=⇒ ã(t̃, r) = a(t, r) + c(t)

Ricci Tensor: non-zero components are:

Rtt = R
(0)
tt − f (0) : static component

Rrr = R(0)
rr + e2(b−a)f f(t, r) = ḣ2 − ȧḃ− b̈

Rθθ = R
(0)
θθ + e2(b−a)f

Rϕϕ =
(
sin2 θ

)
Rθθ

Rtr = Rrt = 2ḃ
r

Field equation: Rµν = 0

Rtr = 0 → b = b(r)

Rtte
2(b−a) +Rrr = 0 →

as before
f drops out

a′ + b′ = 0

→ a(t, r) + b(r) = c(t) c(t) = 0 wlog

→ a(t, r) = a(r), f = 0 → back to static case Schwarzschild metric

Back to collapse:
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7.5 The Kerr metric and rotating black holes

Described by a stationary (rather than static) metric
Coordinates: (Boger-Lindquist)

t ∈ R, r > 0, θ, ϕ spherical coordinates

parameters: m, a

Notations:

∆ = r2 − 2mr − a2

ρ2 = r2 + a2 cos2 θ

Σ2 =
(
r2 + a2

)2 − a2∆ sin2 θ

(identify: ρ4∆− 4mr2a2 sin2 θ = Σ2
(
ρ2 − 2mr

)
)

Metric: (Kerr 1963)

ds2 =

(
1− 2mr

ρ2

)
dt2 +

4mar

ρ2
sin2 θ dt dϕ− Σ2

ρ2
sin2 θ dϕ2 − ρ2

∆
dr2 − ρ2dθ2

Alternate expression: complete (dϕ2 + . . . )2

ds2 =
ρ2

Σ2
∆ dt2 − Σ2

ρ2
sin2 θ

(
dϕ− Ω dt2

)
− ρ2

∆
dr2 − ρ2 dθ2

with

Ω = a
2mr

Σ2

Remarks:

1. The special case a = 0
→ρ2=r2, Σ2=r4

: → Schwarzschild metric

2. Kerr metric solves Rµν = 0
It is the most general metric which is stationary and axisymmetric

3. any axisymmetric solution is given by Kerr (extension thereof) (c.f. Birkhof)

any stationary black hole is given by Kerr (extension thereof) (c.f. Israel)

"No Hair"theorem for black holes: There are caracterized by a,m (and nothing else)
(& charge for Rµν = T textrmemµν )

4. Kerr −→
r→∞

Minkowski (in polar oordinates)

5. Meaning of parameters:

m: mass (from weak �eld limit at r →∞)

J = am: angular momentum (without proof)
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The metric has a singularity (grr) at ∆ = 0, i.e.

r = r± = m±
√
m2 − a2

(exists only (and with it the black hole) for |a| ≤ m

→ |J |≤m2

)

Henceforth: r > r+

The metric has Killing �elds

φ =
∂

∂ϕ
, K =

∂

∂t

- φ is spacelike
(φ, φ) = gϕϕ < 0

- K is timelike

(K,K) = gtt = 1
ρ2 (r2 + a2 cos2 θ − 2mr) > 0

for

r > r0(θ) = m+
√
m2 − a2 cos2 θ

Meaning of ergosphere: di�erent observers

in there: 4-velocity
uµ = (ṫ, ṙ, θ̇, ϕ̇) is timelike

(u, u) = +1 > 0

i) static observer has �xed coordinates r, θ, ϕ:

uµ = (ṫ, 0, 0, 0) ∝ Kµ = (1, 0, 0, 0)

It can exist only for r > r0(θ). For r < r0(θ) any observer is dragged w.r.t. coordinate
system

ii) stationary observer has �xed r, θ and

ω ≡ dϕ

dt
=
ϕ̇

ṫ

uµ = (ṫ, 0, 0, ωṫ)

∝ (1, 0, 0, ω)

(u, u) ∝ ρ2

Σ2
∆− Σ2

ρ2
sin θ (ω − Ω)2

uµ is timelike

|ω − Ω| < ρ2

Σ2

∆
1
2

sin θ
(< Ω if r < r0(θ))

iii) freely falling observer starting from rest near in�nity
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Note: V Killing �eld, x(τ) geodesic. Then (V ; ẋ) is constant in τ

By Noether: trajectory of L = 1
2
(ẋ, ẋ)

conserved is: V α ∂L
∂ẋα

= V αẋα
Take V = φ and u = ẋ. At ∞ & rest: (φ, u) = 0

At �nite positions along the geodesics

0 = (φ, u) = −Σ2

ρ2
sin2 θ (ϕ̇− Ωṫ)(−Ω)

⇒ ϕ̇

ṫ
= Ω =

dϕ

dt
angular velocity of drag

=
2mr

Σ2
a

Angular velocity at r = r+:

Σ
∣∣
r+

= r+
2 + a2 = 2mr+

ΩH

angular velocity of
black hole

= Ω
∣∣∣
r=r+

= a
2mr

Σ2

∣∣∣
r+

=
a

2mr+

Energy extraction (Penrose 1969): Freely falling particle, p
momentum
timelike

= mu

�energy� E = (K, p) conserved
K timelike: E > 0
For observers near ∞: metric Minkowski, K = (1, 0, 0, 0) E = p+

E is energy for that observer

particle decays

p = p1 + p2

E = E1 + E2 with Ei = (K, pi)

2 gets out from ergosphere: E2 > 0
possible: E1 < 0

⇒ E = E1 + E2 < E2

Extracted energy:
E2 − E > 0

7.6 Hawking radiation

Emission of energy is posiible even from a static black hole, provided quantum e�ects are
taken into account: pair of particles created from nothing:

0 = p1 + p2
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- outside of horizon: 0 = (K, p1) + (K, p2) = E1︸︷︷︸
>0

+ E2︸︷︷︸
>0

- inside of horizon: either signs: possible but they do not get outside of horizon

Vakuum �uctuations produce 1 inside and 2 outside.
Discussion requires: QFT on curved spacetime.

a) Classical Klein-Gordon �eld

Action for scalar �eld ϕ of mass µ is

S =

∫
d4x
√
|g|︸ ︷︷ ︸

η, Volume
of spacetime

1
2

(
∂µϕ∂

µϕ− µ2ϕ2
)︸ ︷︷ ︸

L

=

∫
dtL

⇒ L =

∫
x0=0

d3x
√
|g|L

∂µϕ = gµν∂νϕ arbitrary transformation x 7→ x̃ : ϕ̃(x̃) = ϕ(x)

→ S invariant

equations of motion

∂ν
∂(
√
|g|L)

∂(∂νϕ)
−
∂(
√
|g|L)

∂ϕ
= 0

is

∂ν

(√
|g|gµν∂µϕ

)
+ µ2

√
|g|ϕ = 0

→
(
�g + µ2

)
ϕ = 0 �g = |g|−

1
2∂ν(|g|gµν∂µ)

Conjugate momentum
π(x) =

√
|g|gµ0(∂µϕ)(x)

Hamiltonian

H =

∫
x0=0

d3x(π ∂0ϕ− L)

x = (x0, x); initial data ϕ(x) = ϕ(x)
∣∣
x0=0

π(x) = π(x)
∣∣
x0=0

make up phase space

Γ =
{

(ϕ(x), π(x))x∈R3

}
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Poisson brackets {
π(x), ϕ(y)

}
= δ(3)(x− y)

Canonical equations of motion

∂ϕ

∂t
(t, x) = {H,ϕ(t, x)}

∂π

∂t
(t, x) = {H, π(t, x)}

f, h complex solutions of Klein-Gordon equation

jµ = igµν
(
f ∂νh− (∂νf)h

)
Then

jµ;µ

√
|g| =

(
jµ
√
|g|
)
,µ

=
↑
∂ν
(√
|g|gµν∂µϕ

)
+µ2
√
|g|ϕ=0

0

Inner product on K = {solutions f(x)of Klein-Gordon}

〈f, h〉 =

∫
Σ

√
|g|jµdσµ

↑
coordinate normal

of Σ

=

∫
x0=t

d3x
√
|g|j0

independent of Σ, resp. of t:(∫
Σ′
−
∫

Σ

)√
|g|jµdσµ =

↑
Gauss for

f,h→0 (spacelike)

∫
V

d4x
(√
|g|jµ

)
,µ

= 0

Properties:

〈f, h〉 = −〈f, h〉
〈f, h〉 = −〈h, f〉

hence (h = f)

〈f, f〉 = −〈f, f〉
= 0

〈f, f〉 = −〈f, f〉
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〈·, ·〉 not positive de�nit
but non-degenerate

〈f, h〉 = 0 ∀ f ∈ K ⇒ f = 0

〈f, h〉 = i

∫
x0=0

d3x
(
f
(√
|g|g0ν∂νh

)
−
(√
|g|g0ν∂νf

)
h
)

since h
∣∣
x0=0

,
√
|g|g0ν∂νh

∣∣
x0=0

are arbitrary

De�ne functions a(t) on Γ:

a(t) = 〈f, ϕ〉

= i

∫
x0=0

d3x
(
f(x)π(x)−

(√
|g|g0ν∂νf

)
(x)ϕ(x)

)
Data a(t)

↑
(f∈K)

determine ϕ(x), π(x) a(t)'s are not independent:

a(t) = 〈f, ϕ〉 =
↑

ϕ=ϕ ∈R

−a(t) ♣

a, a's on equal footing

Poisson brackets

{a(f), a(h)} = i〈f, h〉

By ♣

{a(f), a(h)︸︷︷︸
−a(h)

} = −i〈f, h〉

{a(f), a(h)} = −i〈f, h〉

b) Quantization of K.G.
a(f)
↑

classical
observer

7−→ a(f)
↑

quantum
observer

with a∗(f) = −a(f)

i[a(f), a∗(h)] = i〈f, h〉
[a(f), a(h)] = −〈f, h〉

[a∗(f), a∗(h)] = −〈f, h〉

Algebra A generated by all a(f) (f ∈ K).

Quasi-free states ω on A speci�ed by
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(i)
ω (a∗(f)a(h)) = 〈h, ρf〉 ♣♣

with ρ positive semi-de�nite on K, i.e.

〈f, ρf〉 ≥ 0

(ii) ω (�
∏
a's a∗'s�) = by Wick's Lemma: sum over all products of ♣♣

Then

a∗(f)a(h)− a∗(h)a(f) = [a(f), a∗(h)] = 〈f, h〉

implies

〈h, ρf〉︸ ︷︷ ︸
=−〈ρf,h〉

−〈f, ρh〉 = 〈f, h〉
ρ = CρC

Cρf = CρCf = ρf

Particles & Antiparticles H ⊂ K subspace such that

K = H⊕H

with H = CH and

〈f, f〉 ≥ 0 (f ∈ H)

〈f, h〉 = 0 (f ∈ H, h ∈ H)

abstract: H 1-particle states
H 1-antiparticle states

Examples of quasifree states for K.G.

ρ = N ⊕N ′ block diagonal w.r.t. K = H⊕H
with 〈f,Nf〉 ≥ 0 ∀ f ∈ H

ρ = N
′ ⊕N → N ′ = −1−N

Example: N = 0

ω (a∗(f) a(h)) = 0 ∀ f, h ∈ H

GNS Hilbert space is bosonic Fock space F
∈ Ω

over H such that

a(f)Ω = 0
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F is spanned by

a∗(f1) . . . a∗(fn)Ω (fi ∈ H)

Indeed

ω (a∗(f)a(h)) = (0) = (Ω, a∗(f)a(h) Ω) (f, h ∈ H)(
all other expectation values e.g. for h ∈ H follow

)
c) Quantization of K.G. in Minkowski space

Solutions f ∈ K of (�+ µ2)f = 0 are superpositions of plane waves

f = ei(
~k·~x∓ωt)

with ω =

√
~k 2 + µ2 = ω(~k)

H = {positive frequency solutions} satis�es requirements:

K 3 f = f+ ⊕ f− with f+ ∈ H, f− ∈ H

〈f, h〉 =

∫
d3k

2ω(~k)

(
f+(~k)h+(~k)− f−(~k)h−(~k)

)
with

f(x) = (2π)−
3
2

∫
d3k

2ω(~k)
f±e

−i(~k·~x∓ωt)

Note: H
↑
positive frequency for observer at �xed ~x

is Lorentz invariant

inertial observer, worldline xµ(τ) = uµτ + bµ uµ, bµ �xed

ei(
~k·~x−ωt) = eikµx

µ

= e−ikµb
µ

e−ikµu
µτ (u, u) = +1

kµ(ω,~k) with

kµu
µ > 0

= ωu0 − ~k · ~u
≥ ωu0 − |~k|︸︷︷︸

<ω

|~u|︸︷︷︸
<u0

> 0

Quantization of K.G. by picking �vakuum�

- Minkowski vakuum N = 0
↑

Lorentz invariant
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- positive temperature state (e.g. CMB)

ω (a∗(f) a(h)) =

∫
d3k

2ω(~k)

1

e3ω(~k) − 1
f(~k)h(~k) (f, h ∈ H)

ω (a∗(f) a(f)) expected number of particles in the 1-particle state f ∈ H
f : wave packet concentrating at ~k0

ω (a∗(f) a(f)) −→ 1

e3ω(~k0) − 1
〈f, f〉︸ ︷︷ ︸

=1
thermal spectrum

This state is not Lorentz-invariant, since ω(~k) is not.

Remark: In a curved spacetime with stationary metric (∃ timelike Killing �eld)
solutions have �xed frequency (or superpoitions thereof)

H = {positive frequency} ?

N = 0 ? → Boulware vakuum

Mathematically possible. But not physically correct.

d) Regge-Wheeler coordinates

New coordinates (t, r∗, θ, ϕ): transition from Schwarzschild coordinates,

t, θ, ϕ �xed

r∗ = r + 2m log
( r

2m
− 1
)
,

dr∗
dr

= 1 +
1

r
2m
− 1

=

(
1− 2m

r

)−1

Maps r ∈ (2m,∞) 7→ r∗ ∈ (−∞,∞) (tortoise coordinates)
r∗ seems steadily going to −∞
while in real world getting

stuck at r = 2m

Metric

ds2 =

(
1− 2m

r

)(
dt2 − dr∗2

)
+ r2(dθ2 + sin2 θ dϕ2) with r = r(r∗)

Consider particle radially infalling, crossing horizon (t→ −∞, r∗ → −∞) at proper
time τ = 0 (w.l.o.g.). There r ' 2m

ṙ2 = −ε2 < 0,
r − 2m

2m
ṫ = ε

→ r − 2m = −ετ, ṫ = −2m

τ
=
dt

dτ
t = −2m log(−τ) + const

r∗ = 2m log
(
− ετ

2m

)
+ 2m (τ ↗ 0)
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K.G. in Regge-Wheeler coordinates:

representations of angular-part-solution f of K.G.:

f(t, r∗, θ, ϕ) =
∞∑
l=0

l∑
m=−l

flm(t, r∗)

r
Ylm(θϕ)

→ K.G. (
∂t

2 − ∂r∗2 + Vl
)
flm = 0

Vl(r) =

(
1− 2m

r

)(
2m

r3
+
l(l + 1)

r2
+ µ2

)
has limits

Vlm(r)→
{

0 r∗ → −∞ (r → 2m)
µ2 r∗ → +∞ (r → +∞)

As r∗ → −∞, solutions look like

flm(t, r∗) = fin(t− r∗) + fout(t+ r∗)

fin : incoming from white hole

fout : outgoing to black hole

e) The expected number of outgoing particles (to r → +∞)

Consider wave packet f which

- consists of positive frequencies (peaked around ω)

- outgoing for t→ +∞

For r∗ → +∞ metric is Minkowski: f represents a particle at late times

n = ω (a∗(f) a(f)) occupation number of f

What is ω? Equivalence principle suggests:

On states incoming from either r∗ = −∞ or r∗ = +∞ and to an observer in free fall
there, ω in Minkowski-vacuum to him. (Unruh vacuum)

f is not of that form, but R and T are

ω (a∗(R) a(R)) = 0

Since observer with r = r0 (r0 → +∞) is freely falling and R is of positive frequency

→ ω (a∗(R) a(T )) = 0

ω (a∗(T ) a(R)) = 0

}
since |ω(A∗B)|2 ≤ ω(A∗A)ω(B∗B)

76



⇒ n = ω (a∗(T ) a(T ))

at r∗ → −∞
T ∝ e−iω(t−r∗)

Freely falling observer approaching horizon:

t− r∗ = −4m log(−τ) + const.

→ T ∝
{
e4im log(−τ) τ < 0
0 τ > 0

T = T+ + T− decomposition into ± frequencies

Unruh vacuum: ω (a∗(T+) a(T+)) = 0

n = ω (a∗(T−) a(T−)) = 〈T−, ρT−〉 = −〈T−, (1 +N−
=0

)T−〉

= −〈T−, T−〉

T+: positive frequency part

T+(τ) =

∫ ∞
0

dωT̂+(ω)e−iωτ

is analytic in upper half plane in τ (T− in the lower) (log z = log|z|+ i arg(z))

T0(τ) = e4im log(−τ) = e4im arg(−τ) (τ < 0)

Analytic, const. to τ > 0 through lower half plane

T+
?
= c+

{
T0(τ) τ < 0
T0(τ)e−4πmω τ > 0

T−
?
= c−

{
T0(τ) τ < 0
T0(τ)e+4πmω τ > 0

c+ + c− = 1

T = T+ + T− ⇔ c+e
−4πmω + c−e

+4πmω = 0 (τ > 0)

⇒ c± =
1

1− e∓8πmω
, T̃ (τ) = T (−τ)

T−(τ) = c−

(
T (τ) + e4πmωT̃ (τ)

)
⇒ 〈T−, T−〉 = |c−|2

(
1− e8πmω

)
〈T, T 〉

(
〈T̃ , T̃ 〉 = −〈T, T 〉 = −〈T−, T−〉

)
=
〈T, T 〉

1− e8πmω

(
〈 T

=0
for
τ<0

, T̃
=0
for
τ>0

〉 = 0 no overlap
)
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=⇒ n =
〈T, T 〉

e8πmω − 1

occupation number of outgoing state pea-
ked at frequency ω
(Hawking Radiation)

Apart from 〈T, T 〉 (which depends on f and ω) this is black body radiation of
temperature

β−1 =
1

8πm
=

~c3

8πG0M

(~, c = 1in QFT)
(G0M = m)

8 Linearized Gravity

8.1 The linearized �eld equations

Metric which, in suitable coordinates, is

gµν = ηµν + hµν η : Minkowski

hµν = hνµ |hµν | << 1

Γαµν = 1
2
gαβ (gµβ,ν + gνβ,µ − gµν,β)

= 1
2
ηαβ (hµβ,ν + hνβ,µ − hµν,β) + /O(h2)

= 1
2

(hαµ,ν + hαν,µ − hµν,α)

Rα
µβν = Γανµ,β − Γαβµ,ν + O(Γ2)︸ ︷︷ ︸

=O(h2)=0

Rµν = Rα
µαν = 1

2
(−�hµν − h,µν + hαµ,αν + hαν,αµ) with h = hαα

Convenient: trace reversed pertubation

γµν = hµν − 1
2
ηµνh

γ = γαα = hαα︸︷︷︸
=h

−1
2
4h = −h

hµν = γµν − 1
2
ηµνγ

so

Gµν = Rµν −
1

2
ηµνR

[ = 1
2

(
−�γµν − ηµνγαβ,αβ + γαµ,αν + γαν,αµ

)
= kTµν

Field equations (Gµν = kTµν), linearized.
Remarks:
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1. 2 Gµν ,ν = −�γµν,ν − ηµνγαβ,αβν + γαµ,α
ν

ν︸ ︷︷ ︸
� γαµα

+γαν,α
µ
ν

= 0

linearized 2nd Bianchi: Gµν
;ν = 0

→ integr. condition for LFE: T µν,ν = 0

2. Lorentz transformation xµ 7→ Λµ
νx

ν + aµ with Λµ
σΛν

τηστ = ηµν

hµν 7→ Λµ
σΛν

τhστ

γµν 7→ Λµ
σΛν

τγστ

That makes the LFE form invariant.

3. Remark 2 does not mean �gravity + SR are compatible�; at least not if Equavalence
Principle has to hold true.

To be ruled out:

metric (distances!) is giben by (a)ηµν of (b)gµν = ηµν + hµν

(a) dust: equation of continuity (ρuµ),µ = 0

0 = T µν,ν = (ρuµuν),ν = uµ (ρuν),ν︸ ︷︷ ︸
=0

+ρuνuµ,ν

→ uνuµ,ν = 0 geodesic equation for ηµν :

dust particles go straight w.r.t. ηµν , no attraction, no gravity

(b)
EP: T µν ;ν = 0
LFE: T µν,ν

}
incompatible except for Γµνσ = 0

8.2 Gauge transformations and gauges

LFE are gauge covariant: is a result of general covariance of FE (covariant w.r.t. coordinate
transformation, resp. di�eomorphisms)

ϕ : x 7→ x, g 7→ ϕ∗g

LFE are covariant under �small� di�eomorphisms

xµ = xµ + ξµ(x) (ξµarbitrary, but small︸ ︷︷ ︸
O(h)

)

g 7→ g + Lξ(g) = η + h+ Lξη + Lh+
Lξh

O(h!)
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i.e.

hµν 7→ hµν + ξαηµν,α + ξµν + ξνµ

γµν 7→ hµν + ξµ,ν + ξν,µ − 1
2
ηµν(h+ 2ξα,α)

γµν 7→ γµν + ξµ,ν + · · · − 1
2
ηµνξ

α
,α

T 7→ T + Lξ(T )︸ ︷︷ ︸
O(h3)

Tµν 7→ Tµν

Γαµν 7→ Γαµν + ξα,µν

Rα
µβν 7→ Rα

µβν + ξα,νµβ − ξµ,βµν = Rα
...

⇒ LFE is form covariant
(partial analogy to Electrodynamics

(a): Aµ 7→ Aµ + Ξ,µ (b): Fµν 7→ Fµν)

Gauges: restrict gauge freedom (a)

successively

i) Hilbert Gauge

γµν,ν = 0 (cf. Lorentz gauge Aµ,µ = 0) ♠

Start with γµν arbitrary: γµν = γµν + ξµν + ξνµ − 1
2
ηµνξαα

solves ♠ if (
γµν,ν =

)
γµν,ν + ξµ,νν︸︷︷︸

� ξµ

+ ξν,µν − ηµνξαα,ν︸ ︷︷ ︸
=ξαα

,µ︸ ︷︷ ︸
=0

i.e.

� ξµ = −
µν︷︸︸︷
γ ,ν

inhomogenious wave equation, can be solved for ξµ even for prescribed initial values
ξµ(x0 = 0, ~x), ∂0ξ

µ(x0 = 0, ~x)

Recall: � u = f
↑
given

U(x0, ~x), D0u(. . . )

D(x) =
1

4πr

(
δ(x0 − r)− δ(x0 + r)

)
, x = (x0, ~x), r = |~x|

u(t, ~x) =

∫
d3y (D(t, ~x− ~y)∂0u(0, ~y) + ∂0D(t− ~x− ~y)u(0, ~y))

Residual gauge transformation: � ξµ = 0

LFE: −� γµν = 2κTµν

80



- consistent with T µν,ν = 0

- Field γµν propagates at speed of light

ii) In vacuum (Tµν = 0) of if T µµ = 0 (e.g. electro-magnetic �eld)

� γ = 0

Traceless Gauge: γ = 0 ♠♠
Starting from γµν (in Hilbert gauge), γµν solves ♠♠ in addition if

γ = γ − 2ξα,α = 0 with � ξµ = 0, ⇒ ξα,α = 1
2
γ ♠♠♠

For such γ

0 = � ξα,α = 1
2
� γ = 0

♠♠♠ will hold, provided at x0 = 0

ξα,α = 1
2
γ, ∂0ξ

α
,α = 1

2
∂0γ

ξ0
,0 +÷~ξ = 1

2
γ ξ0

,00︸︷︷︸
∆ξ0

+÷ ~̇ξ = 1
2
∂0γ ♠♠♠♠

assign ~ξ, ~̇ξ arbitrarily

Poisson equation for ξ0(x0 = 0), and ξ0
,0(x0 = 0) given by ♠♠♠♠

Still residual: γµ, �ξµ = 0, ξα,α = 0

Note: in the Traceless Gauge: γµν = hµν

iii) transversal traceless gauge

h0µ = 0

can be achieved. In this gauge (resp. coordinates) the metric distribution is only in
space hij 6= 0.

[TT gauge: Γα00 = 1
2

(hα0,0 + hα0,0 − h00
,α) = 0]

8.3 Gravitational waves

In TT gauge: hµ0 = 0, hii = 0, hij ,j = 0
LFE:

In vacuum

� hij = 0

Plane wave solutions

hij = hij(~e · ~x− t) ~e : direction of propagation,

|~e| = 1, ~e · ~x = ejx
j
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hij depends on s ∈ R only.
Does hij satisfy the gauge conditions (because if not it's useless, then � hij = 0 doesn't
describe gravity)?

dhij
ds

ej = 0 �

Motion of test particle: Let uµ = (1,~0) initial 4-velocity (at rest in TT coordinates).

duµ

dτ
+ Γµνσu

νuσ = 0

solved by uµ(τ) = (1,~0)
world line xµ(τ) = (τ, ~x0

↑
�xed

)

dxµ

dτ
= uµ

nearby particles have �xed coordinate di�erences mµ = (0, ~u
↑

�xed

)

Yet distances change

(n, n) = gµν
↑
=ηµν+hµν

nµnν = −~n 2 + hij(s)n
inj

� hij = ∂µ∂µhij = ∂µ
dhij
ds

(−eµ) =
d2hij
ds2

eµeµ︸︷︷︸
=0

= 0

Put di�erently: Coordinates:

x̃µ = xµ + 1
2
hµνx

ν (→ x̃0 = x0)

=
(
δµν + 1

2
hµν(x)

)
xν

dx̃µ =
(
δµν + 1

2
hµν(x) +

1

2

∂hµ
i
↑
α

∂xν
x

i
↑
α︸ ︷︷ ︸

O(~x/λ)

)
dxν

λ : typical lengthscale of hµν ,

e.g. wave length

Claim: In a neighbourhood of world line xµ(τ) = (τ,~0) the metric

g̃µν = ηµν +O(h2) +O(~x/λ)

In fact:

ηµνdx̃
µdx̃ν = ηµν(δ

µ
σ + 1

2
hµσ)(δντ + 1

2
hντ )dx

σdxτ

= (ηστ + hστ )︸ ︷︷ ︸
gστ

dxσdxτ +O(h2)
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Hence coordinates x̃µ are distances (up to O(h2),O(~x/λ))

ñi(t) = ni + 1
2
hij(s)n

j = ni − 1
2
hij(s)n

j s = ~e · ~x− t

∆ñi(t) = −1
2
hij(s)ñ

j

For ñj = ej: ∆ñi(t) = 0 by TT-gauge

→ Gravitational wave is transversal.

monochromatic waves: hij = εije
iωs

(physical �eld is Rehij) Amplitude εij arbitrary complex with

εij = εji,

εii = 0,

εije
j = 0

 de�ne a 2-dim complex vector space

Pick ~e = ~e3 (3-direction). Then

ε =

(
ε11 ε12 0
ε21 −ε11 0
0 0 0

)
= (Re ε) + i(Im ε)

Re ε
Im ε

}
symmetric, traceless, real

∆~n(t) = −1
2

Re
(
εeiωs

)
~n

= −1
2

((Re ε) cosωs− (Im ε) sinωs)

=
↑
~x=0

−1
2

((Re ε) cosωt− (Im ε) sinωt)

Special polarizations:

i) linear polarization: Re ε ‖ Im ε (proportional to one another)

diagonal in the same real orthonormal eigenbasis ~e1 ⊥ ~e2

ε = A

(
1 0
0 −1

)
(a ∈ C)

∆~n(t) = 1
2

(
−n1

n2

)
[(ReA) cosωt+ (ImA) sinωt]

ii) circular polarization: Re ε ⊥ Im ε & of same �length�

w.r.t. (ε, δ) =
∑

i,j εijδij = tr (εδ)

Re ε = Re

(
ε11 ε12

ε12 −ε11

)
Im ε = ±Re

(
−ε12 ε11

ε11 ε12

)
= ±Rπ

4
(Re ε)Rπ

4

T
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where Rϕ =

(
cosϕ − sinϕ
sinϕ cosϕ

)
, Rotation by ϕ

w.r.t. eigenbasis of Re ε

Re ε = A

(
1 0
0 −1

)
, Im ε = ±A

(
0 1
1 0

)
, ε = A

(
1 ±i
±i −1

)
(A ∈ R) RϕεRϕ

T = e∓2iϕε

⇒ helicity of gravitational wave is ±2 (e.m. wave ±1)

Motion of test particle with ~n on unit circle:

If particles not in free fall: add any other forces to tidal forces

Gravitational wave detectors: LIGO,. . .
goal: sensitivity ∆n

n
≈ 10−24

on earth waves exp. with ∆n
n
. 10−21

Emission of gravitational waves: Source T µν localized in space

� γµν = −2κT µν Dret(x) =
1

4πr
δ(x0 − r)

r = |~x|

retarded solution

γµν(x) = −2κ

4π

∫
d4y Dret(x− y)T µν(y)

= −2κ

2π

∫
d3y

T µν (~y, t− |~x− ~y|)
|~x− ~y|

For r � d
↑
diameter of source

�
wave length
↓
λ

� λ

γµν = − κ

2πr

∫
d3y T µν(~y, t− r︸︷︷︸

s

)︸ ︷︷ ︸
εµν(s)

I
↑

Intensity:
energy emitted per
unit time in all

directions

=
κ

360πc5
tr

...
Q

2
(Einstein 1917)

Qij(t) =

∫
d3y T 00(~y, t)(3yiyj − δij~y 2)
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