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Question 1 [Curvature Tensor ]:
Consider a two-dimensional manifold whose metric is of the form

ds2 = Ω2(x, t)(−dt2 + dx2) . (1)

Calculate the Riemann curvature tensor of this metric

i) directly by coordinate basis methods; and

ii) by using the tetrad methods introduced in the lecture.

Question 2 [Electrodynamics ]:
The general covariant form of Maxwell equations is

∇aFab = −4πjb , ∇[aFbc] = 0 . (2)

Show that these equations imply charge conservation

∇aj
a = 0 (3)

i) by making use of the antisymmetry Fab = −Fba;

ii) by writing Fab in terms of a potential Ab,

Fab = ∇aAb −∇bAa , (4)

and imposing the covariant Lorentz gauge condition ∇aAa = 0.

Question 3 [Bel-Robinson Tensor ]:
In general relativity no meaningful expression is known for the local stress-energy

tensor of the gravitational field. However, a four-index tensor Tabcd can be constructed
out of the curvature in a manner closely analogous to the way in which the stress tensor
of the electromagnetic field is constructed out of Fab. The resulting tensor is the Bel-
Robinson tensor which, in terms of the Weyl tensor Cabcd, is defined by
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where εabcd is the totally antisymmetric tensor in four dimensions with ε0123 = +1.

i) Show that
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and use this relation to bring (5) into the alternative form
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ii) It can be shown that Tabcd = T(abcd). Using this, show that

T a
acd = 0 . (7)

iii) Using the Bianchi identity
∇[aRbc]d

e = 0 , (8)

show that for Rab = 0 (vacuum) we have

∇aTabcd = 0 . (9)


