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Let (20, 2!, 2%, 23) be cylindrical normal coordinates as introduced in the lecture. Here
2° is the signed arc length from the origin along I'g, where Iy is the timelike geodesic of
the freely falling reference particle to which the coordinate system is assigned.

Question 1 [Expansion of the metric to first order |:

(i) Show that the metric along I'y is equal to the Minkowski metric, i.e.

g,lw(xou 07 07 0) = 77#11 - dlag(_la 17 17 1) (1)

Hint: Recall from the lecture that at any point p € 'y

0 _p 2 _p (2)

Ox0 ’ ox’ "

where T is the tangent vector to I'g at p and (£}, Fs, F3) is an orthonormal basis of
the local simultaneous space XJ,,.

(ii) Let r be the distance from T, i.e.

> (@) (3)

Show that to first order in r, the metric is equal to the Minkowski metric, i.e.
G (20,2t 2%, %) = n,, + O(r?). (4)

Hints: The metric is covariantly constant, i.e. V,g,, = 0. The problem reduces
therefore to show that I'"', = 0 along I'y. This can be done using the following three
considerations.

(a) Use the fact that the curve
7+ (7,0,0,0) (5)
is a geodesic (namely I'y), i.e. satisfies the geodesic equation

d?zH 4 dz* dx®

dr? + Aodr dr

=0 (6)
and deduce that

Vo' T (2°,0,0,0) = 0. (7)



(b) Use the fact that for any three-vector k and any z° the curve
7 (2% k' kAT kAT
is a geodesic, i.e. satisfies (6), and deduce that
Vel 7 kikjffj(xo, E'r k*r KPT) = 0.
(c) Use
(VrE)” =T 0, (E;)” +T5, TNE;)” =0 along T
(cf. the lecture) and deduce that

Vo' T4 (2°,0,0,0) = 0.

(10)

(11)

Question 2 [Ezpansion of the metric to second order |: Find the second order terms in

the expansion (4) in terms of the curvature components R’ .

Hints: Use the fact that the metric is covariantly constant and derive

aozaugw\ = (aoarzu)ga/\ + (aoarz,\)guo' along 1—‘0'

(12)

The problem therefore reduces to determining 9,17, in terms of R} _,. This can be done

using the following considerations.

(i) Use that

R = 0%, —o\I', along I'y.

Now define
St = 0.8, + o\, + 0,1,
(S%,, is totally symmetric in the lower indices) and derive
30,1\ = Ryox + Ry + 555, along T,

Use the hint (b) from question 1 to show that Sj;, = 0 along I'y.
(ii) Use the hints from question 1 to show that dyI'ty, = doI'y; = AoI'y; = 0 on T.

(iii) Use (13) and the results for gyI'}j; and dpI'; to find 9;I'y; and 0;T', along T'.

(13)

(14)

(15)



