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Exercise 5.1 Purification

A decomposition of a state pa € S(Ha) is a (non-unique) conver combination of pure states p% = |ag){a,| such that

a)

Show that |V) =" Az |az)a ® |be)B is a purification of pa for any orthonormal basis { |by)p }» of Hp.
It remains to show that

Tep([UN(P]) = D VAyA:lay){azla @ (balby) (b:]ba) 5
—— ——

T,Y,2 e Sz

= Z)\z|az><ar|A = pPA.

Show that any two purifications are related by a local unitary transformation on the purifying system.

Suppose we found a state |¢) of the composed system H 4 ® Hp that purifies p4, i.e., such that Trg(|){(¥]) = pa.
A Schmidt decomposition (probably the most useful tool in quantum information) of |¢) gives us

) = Oyly)aly) s,

where:

. {Gy}y are the square roots of the eigenvalues of the reduced states of A and B = they have to be {v/ /\x}w;
e {[y)a}, are the eigenvectors of p4 = they have to be {|z)a},;
e {|y)B}, are the eigenvectors of pp = there is no restriction on these.
So the {|y)5}, can be changed, as long as {6}  and {|y)a}, are preserved. The only way to do this is to apply a

local unitary transformation on B, 14 ® Up, because if we applied anything other than the identity on A we would
change p4 and non-unitaries on B would not preserve eigenvalues of pp.

Note also that any two orthonormal bases are related by a unitary: Let {b,} and {c;} ; be two orthonormal bases.
We can define a map from one basis two the other as

U:{bs}pr—{ca}ty, whereU = Z |ez) (bl

We can immediately verify that UUT = UTU = 1.

For pa as defined above, and any purification |®) of pa on Ha ® Hp, find an orthogonal measurement { Mg}, on
‘Hp, such that

Trp [|2)(@[(1a @ Mp)]
A '

Mo = Te[[O)(®](1a © ME)] and p = (1)

In this picture Ay is the probability of measuring x and p% is the state after such a measurement.

Note that all purifications of ps in Ha ® Hp are equivalent up to a unitary transformation in Hp. In general,
purifications in H 4 ® Hp and H4 ® Hp' are related by isometric maps between the two Hilbert spaces Hp and Hp.
It is thus sufficient to find a POVM for one particular purification and show how the measurement operators can be
translated to any other purification possible.

Let us decompose the Hilbert space Hp = Hco ® Hp with an orthonormal basis {|d;)p}, of Hp. We are further
given {|¢”) ac},, the purifications of the states {p% } . It is now easy to verify that

16) =D VAeld™) ac @ |da)p



is a purification of p4 by taking the partial trace over Hp.

The measurement operators Mg = 1o ® |d,.){d,|p fulfill the requirements:

T (10)61(1a & M) = Tec (T (3 VA6 (6% ac  1d,) (1) - (Lac 1) o)

= Trc( Z \% )‘y)‘2|¢y><¢z|AC ® <da|dy><dz|dw><d$|da>D)

a,y,z

= ATre(|¢") (0" ac)

In the last step we used the fact that |¢”) is a purification of p%. The second condition, A\, = Tr(|¢)(¢|(1a ® Mp)),
follows directly since Trp% = 1.

Exercise 5.2 Distinguishing two quantum states

Suppose you know the density operators of two quantum states p,o € Ha. Then you are given one of the states at
random—it may either be p with probability p, or o with probability 1—p. The challenge is to perform a single measurement
on your state and then guess which state that is.

a) What is your best strategy? In which basis do you think you should perform the measurement? Can you express that
measurement using a projector P?

We are looking for a measurement O that maximises our probability of guessing correctly. For each state (say eg.
p) the probabilities of obtaining any of the possible outcomes {y}  of the observable O = Zy yPy that represents
the measurement define a classical probability distribution Pro ,(y) = Tr(Pyp).

Let G = {y : Pro ,(y) > Pro,»(y)} be the set of outcomes that are more likely to occur when we measure O on p
than on o. Naturally, if we obtain y after measuring our unknown state and obtain we should say it was p if y € G
and vice-versa. The probability of guessing correctly is then

Pr, = Pr(p) - Pr(say “p”|p) + Pr(o) - Pr(say “o”|o)

:p~ZPr07p(y +(1-p) -ZPro,g(y)

yeG yeG
:PZTY(PyP) +(1-p) ZTT(PyU)
yeG yeG

=pTr ZPy p|l+(1—p)Tr ZPy o
yeG yeG

=Tr(pPg p+ (1 —p)Ps o),

where Pg 1=} .5 Py and Pg 1=} 5 Py are projectors too, with Pg + Pg = 1.

Continuing, we obtain

Pr, =Tr(pPe p+ (1 —p)Pg o)
=Tr(pPe p+ (1 =p)[1 - Pc| o)
= Tr(Pg [pp — (1 = p)o]) + (1 = p)Tr(1o)
=Tr(Pe [pp— (1—p)o))+1-p, (2)

where *) comes from the fact that o is a density matrix and therefore Tr(o) = 1.
To maximise this probability, we need to find the optimal set G that maximises Tr(Pg [pp — (1 — p)o]).

First we express G in another way,

G = {y: Pro,(y) > Pro,(y)}
={y: Tr(pPyp) = Tr((1 - p)Pyo)}
= {y: Te(Py(pp — (1 — p)o)) = 0}.



Now we will try a clever choice of G. Let {y}, be the eigenbasis of pp — (1 — p)o = > Ayly)(y|. Notice that
— (1 — p)o is not a density matrix — in partlcular it has trace 2p — 1. If we choose {Pﬁ to be the projectors
on that basis, P, = |y)(y|, we obtain

G ={y: Te(Py(pp— (1 —p)o)) > 0}

y T ()l DA | =0
y/

={y: Tr(|ly)(y|Ay) > 0}
={y:\, >0}.

i.e. G is the set of projectors on states that correspond to non negative eigenvalues of pp — (1 — p)o. In this case,
Tr(Pg [pp — (1 — p)o]) is the sum of all positive eigenvalues of pp — (1 — p)o.

This result is promising, but now we have to prove that is is indeed optimal, i.e. that no other choice of projector P
could give better results. We can write pp — (1 —p)o as R— S, where R =3, Ayly)(yl and S =3 o —Ay[y)(yl-
Both operators R and S are positive and diagonal.

We have that

Te(Pg [pp— (1 —p)o]) = Y A, = Tr(R). (3)

For any other operator, however,

Tr(P [pp — (1 = p)o]) = Te(P [R - S])
=Tr(P R) — Tr(P S)
<Tr(R)-Tr(PS)
< Tr(R), ¥

where *) stands because projectors can only decrease the trace and **) because Po is positive.

We have proved that a measurement represented by O = >_ oy[y)(y|, where {|y)}, is the eigenbasis of pp — (1 —p)o
optimises the probability of guessing correctly which state we were given.

This solution corresponds to the following strategy. We measure our state (p or o) in the eigenbasis of pp — (1 —p)o.
If we obtain a state that corresponds to a positive eigenvalue of pp — (1 — p)o (i._e. y € G) then it is more likely that
we have measured p. If we get a negative eigenvalue of pp — (1 — p)o (i.e. y € G) we should say the state was o.

In the particular case where the two density operators share the same eigenbasis, this corresponds to following
the classical strategy for distinguishing two probability distributions after measuring the state in their common
eigenbasis.

b) What is the pmbabzhty of guessing correctly, Pr’ (p,0)? Compare that with the case where the states are evenly
distributed, Pr%°(p,0) = 3[1 + 6(p, 0)], where &(p, o) is the trace distance between the two quantum states.

We have solved this in the previous exercise (Eq. 2), and when p = 0.5 we get:
1 1
S (TP [p— o]) +1) = 5(6(p,0) +1),
where we use the definition of the trace distance as §(p, o) := Tr(|p — o|), which was shown in Eq. 3.

Exercise 5.3 Distance bounds

a) Given a trace-preserving quantum operation € and two states p and o, show that

5 (E(0),€(p)) < (o, p). (4)



c)

We use the fact that p — o0 = R — S, where R and S are positive operators with orthogonal support. Then we have

5(0,) = 5T(p ~ o)

_ % (T(R) + Tx(S))
= Tr(R) ()
N

> max {Tr [PE(R)] - Tr [PE(S)]}
=maxTr[P(E(R-S))] ™)
=06(&(0),£(p))
where *) stands because Tr(R) = Tr(S), as
Tr(R) — Tr(S) = Tr(R — 5) = Tr(|p — of) = [Tr(p) — Tr(o)| = [1 = 1| =0,

and the inequality **) follows from Tr[PE(R)] < Tr(£(R)) and Tr(PE(S)) > 0 for any projector P, since projectors

(k%)

are positive operators and can only decrease the trace. Finally, linearity of TPMs allows us to perform step .

Show that any purification of the state pap = W]}iiil ® pp has the form

[V)aarsp = |¥)an @ [Y) BB,

where |U) 4 x40 = |Ha| "2 > li)ali)ar is a mazimally entangled state, and |¢)pp: is a purification of pp.

There are several ways of solving this exercise. For instance, let |¥) 44/ be a purification of p4, and |[¢)pp a
purification of ppg,

pA = ﬁ ; |k) (k| a = |U)aar = \/;'[7,4| ; k) alk)a
o= A 100 = Wep =Y VA 0505
£ £

Then |¥) 44 ® |¢) ppr is a purification of pap,

Tearpr (|9) (0] aar @ (60011 ) = Trar ((9)(¥]aar) @ Trp ([0) ()
= pA D pPB.

All purifications are equivalent up to a unitary transformation on the purifying system, in this case H 4 ® Hp:. The
unitary operators that express such transformations can be written as

U= Z o) p ((klar @ (€]p).
.l

The states {‘¢kz>}k’z form a basis for Hp. In particular, they have to be orthonormal, (¢re|dmn) = OkmOen. If we
fix the first index we get (Pre|Prn) = dkm, and conclude that the states have to have the form |pre) = |Pr) & |pe).

An alternative solution uses a Schmidt decomposition of the purification to prove that the purification of a product
state is a product of pure states.

Show that 1 — F(p,0) < §(p,0) < /1= F(p,0)2.
i) First we show that 1 — F(p,0) < d(p,0).

Let {E,,} be a POVM such that
F(p,o)= Z VPmGm; (5)

m



where p,,, = Tr(pEy,) and ¢, = Tr(cE,,). Observe that

> (VPm — Vam)® E}%+§pm—%w,-ﬂu—Fm®) (6)

Also note that |\/Dm — /Gm| < |\/Pm + 1/Gm| and so
D (VPm = Vam)? <Y Wbm = VamllVPm + Vaml = D Ipm — (7)
= 20(pm, qm) < 26(p,0), (8)

where we use part (a) in the last line. Comparing Egs. 6 and 8, we get the result.

i1) Now we show that d(p,0) < /1 — F(p,0)2.
First we prove that d(|a),|b)) < /1 — F(]a),|b))?, where |a) and |b) are pure states, and it is implicit that
d(|ay, b)) := d(|a){al, |b)(b]) (and similarly for the fidelity).
We may fix a basis with which to represent the states |a) and |b), namely |a) = |0) and |b) = cos6|0) +sin6|1).
Note that F(]a),|b)) = |{a|]b)| = | cosf|. Also the trace distance is:

1 1—cos?0 —cosfsinf . 5
¥(la), b)) = §Tr —cosfsinf —sin?0 = [sinf] = /1 —F(ja), |b))*. (9)

For mixed states p and o we can pick purifications (]1)) and |¢), respectively) of these states such that F(p,0) =
[(¥|d)| = F(|¥),|#)) (using Uhlmann’s theorem). Using part (a) with the partial trace as the completely positive
map, we get:

D(p,0) < D(14h), 1)) = /1= F([¢),[9))?> = V/1 - F(p,0)> (10)

d) Consider a state that is e-distant from pap according to the trace distance, i.e.

1
0 (UAB, ﬁ ® PB) <e.

Find an upper bound for
§(Taar, [W)aa(¥]aar),

where |p) aa pp is a purification of cap and Taar = Trep (|0)aa B (dlaass).

We know that
1_F(pa0-)§6(p70-)§ l—F(p,O')Q.

from which follows

\/1 - F(P, 0)2 < \/2(5(p, U) - 5(pa 0)2'

We also know that fidelity can be preserved under purifications (theorem 4.3.8), leaving us with

6 (Taar, [¥)aa(¥]aar) < \/1 — F(|¢)ansp: [¥)an @ [¥)pp)?
=+\/1—F(oap,pap)?
< \/26(caB,paB) — (0B, paB)?

< V2 —¢€?,

where the last inequality stands because the function v/22 — 22 is monotonically increasing for « € [0, 1].




