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Exercise 11.1 Resource inequalities: teleportation and classical communication

We saw a protocol, teleportation, to transmit one qubit using two bits of classical computation and one ebit, > > RS

(Section 5.1, page 52 of the script). Now suppose that Alice and Bob share unlimited entanglement: they can use up as
many ebits as they want. Can Alice send n qubits to Bob using less than 2n bits of classical communication? In other
words, we want to know if the following is possible:

, m < 2n.
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Prove that this is not the case.
We concatenate teleportation and superdense coding (with unlimited entanglement),
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We can fix n = n’. Superdense coding allows us to transmit two bits of classical information using one qubit and one ebit,
so we have
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Let us focus on the extremes of this resource inequality,
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Our result follows immediately if we assume that i >
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implies y < z (i.e., entanglement itself does not help us send

more classical bits). The proof of that is similar to the one for quantum channels (p. 75 of the script).

Exercise 11.2 A sufficient entanglement criterion

In general it is very hard to determine if a state is entangled or not. In this exercise we will construct a simple entanglement
criterion that correctly identifies all entangled states in low dimensions.
Recall that we say that a bipartite state pap is separable (not entangled) if

p—ZpkO'k@Tk, VEk : pk>00k€S(HA)Tk€S 7‘[3 Zpk—l

a) Let Ag: End(Ha) — End(Ha) be a positive map. Show that Ay ® Tg maps separable states to positive operators.

This means that if we apply Aa ® Ip to a bipartite state pap and obtain a non-positive operator, we know that pap
is entangled. In other words, this is a sufficient criterion for entanglement.

If p € End(Ha®Hp) is a separable state, it can be written as convex combination of product states, p = ZipAJf4 ®
0g, and

Aao Ly (zpm o ) =3 pahale) @ o
[ 7

All {A A (ofg) }i are positive operators. Since the set of positive operators is convex, we know that a convex combi-
nation of positive operators is still positive.

b) Now we have to find a suitable map A4. Show that the transpose,

Za1j|l><]| = Zaji 1) (4



is a positive map from End(H ) to End(H,), but is not completely positive.
First we show that 7(AB) = T(A)T (B),

A= "ai; )G, B=_bee k)], AB= aiby li){t],  T(AB) = aibj [){i
@, k4

1,5, 2,5,0
=Y ay NG, T(B) = b [OK]  T(B)T(A) = aibjelt)i
i, ke 3,5,
We diagonalize the positive operator A as A = UDUT. The positivity of 7 follows from
T(A) =T (UDUT) = T(UNT(D)T(U) = T(U")DT(U)

But 7(U") = T(U)T,
U=Y ulill U= uplil, TO) =Y uili)
= ulitl T =Y ugli

So we have that T(A) = T(U)'DT(U). If T(U) is a unitary, then 7 (A) has the same eigenvalues as A, since unitary
transformations do not change the eigenvalues. Let’s check: if U is unitary, we have

L=UU" = [ Y ugli) Gl | | D kel Okl | =D wiyuigliy(kl = > wijui; = b,
1,7 k4 J

.5,k

L=U0 = Y up o)kl ) [ D uild) (Gl | =D ufeuigl0) (il :>Z“1/“//— it

k4 7 5,4

As for the transpose, we have

TOYTO) = | D uilid il | | Douke kel ) =Y uijuili)iel =
i3 kL g i

T <Z“kz|k €|> ZUWU :ZZ’lL*kj'ltijlkﬂl =
ik j

since multiplication is commutative in C. So the transpose of a unitary is a unitary, so the eigenvalues of A are the

same as T (A), so if A is positive so is T(A4), so T is positive. So.

To see that the transpose is not completely positive, if suffices to apply it to part of a non-normalized maximally
entangled state, [¢) =Y. |i)|i) (due to the CJ isomorphism).

Z@T] ZI ) (3101 ZI (Gl i)
=Z|i>|j><.7'|(i|7

which for two qubits, for instance, has the form

|00) (00| + [01)(10] + [10)(01] 4 |11)(11| =

oS O O
O R OO
o O = O
= o o o

with eigenvalues {—1,1,1,1}. So, [Z ® T](|¢){¢|) is not positive, so T is not completely positive. Hooray!



c) Apply the partial transpose, Ty @ Ip, to the e-noisy Bell state

Pas = (=) )|+ 2 107) = —=(00) — 1)), = € o,1]

%\

For what values of € can we be sure that p° is entangled?

If [Z®T](p°) is not positive, p° is entangled (note: we have not proved the converse, though it is true too). We have

1 —
pFr=— = (100)(00] + [11)(11] — 00) (11| — [11){00]) + §(|00><00| +101)(01] 4 [10)(10[ + [11){11])
2—c¢
= (0] @ |0)( (1@ [1)(1] - (1] @ |0){1] - )0l @ [1){0]
€ €
+ 710001 @ [1)(1] + 2 [1){1] @ ]0)(0]
2—¢ 0 0 2-2¢
1 0 e 0 0
4 0 0 « 0
2—2 0 0 2-—¢
. 2—¢ 2—¢
[ZoTl(p") = )01 ® [0)(0] + ——[1){1[ @ [1)(1] ~ (1] @ [1){0] - )0l @ |0)(1]
€ €
+ 710001 @ [1)(1] + 2 [1){1[ @ 0)(0]
2—¢ 0 0 0
_ 1 0 € 2—-2 0
4 0 2 —2¢ € 0
0 0 0 2—¢
This has eigenvalues i{? —£,2—¢,2—¢,3e —2}. The last eigenvalue is negative for ¢ < 7, so if the state is less

than %—noisy, it is entangled.

Exercise 11.3 Relative Entropy

The quantum relative entropy is defined as D(p||o) = Tr(plogp— plogao). For two classical probability distributions p and

q, this definition simplifies to the expression for the Kullback-Leibler divergence Zj p; log %. Similar to the classical case,
J

the relative entropy serves as a kind of “distance” between quantum states (although it is not technically a metric). Show
that

a) H(AIB) = —D(p||14 @ pp).
We can very easily calculate

—D(pag||la ® pp) = —Trpap(logpap — logls ® pp) (1)
H(AB) — Tr(pplog pp) (2)
— H(AB) - H(B) 3)
= H(A|B) (4)
b) D(p|lo) > 0, with equality if and only if p = o.
Write p = 3, pili)(i| and o =}, q;|5)(j|. Then (i[p = p;(i[ and

(i log oi) ZIOg (qj)Pij, (5)

where P;; := (i|[7) (j||¢) > 0, with 37, Pj; =1 and }°; P;; = 1. We thus obtain
D(pllo) = sz logp; — Z Pijlog(gj) | - (6)



Now, since log(+) is a strictly concave function, we know that Z P;jloggq; < logr;, where r; := Zj Pijq;, with
equality if and only if there is a value for j such that P;; = 1. We can now bound the expression for the relative
entropy by the classical counterpart

P
D(pllo) > pilog . (7)
which can be seen to be non-negative as follows: Using the inequality Inxz < x — 1, which holds for all positive z
with equality if and only if x = 1, we get

Zp z Zp ) log i (8)
L o (1- 1)
2 g 2o (125 )

V

= 53 la) — gla)) (10)
) ) (11)
=0 (12)

Looking at the conditions for equality, we find that D(p||lo) = 0 if and only if there is a j for which P;; = 1, so that
P is a permutation matrix, and p(z) = g(z). As we can relabel the basis vectors for ¢ if necessary, the conditions
obtain precisely if and only if p = 0.

c) D(pllo) < >, piD(pxllo), where p = p1p1 + p2p2

> peD(pillo) = Zpk(TrPk log pr, — Trpy.log o) (13)
k
= Zpk- Trpy, log pi, — Trpy log p + Trpy log p — Trpy log o) (14)
= Zpk (Trpx log pi — Trpy log p) + Trplog p — Trplog o) (15)
= Zka pellp) + Dipllo) (16)
k
> D(pllo) (17)

d) for any CPM &, D(pllo) = D(E(p)[|€(v))

We split the proof of this data processing inequality into two parts: First, we prove that D(p||o) is invariant under
isometries, and then that it can only decrease under partial trace operations. This way, because of the Stinespring
dilation, we have shown the data processing inequality under general CPMs.



So, first we will calculate:

D(UpU|UaUT) = Tr(UpU T log(UpUT) — UpUT log(UaUT)) (18)
= H(p) = Te(UpUT log(UaU)) (19)
= H(p) = Tr(}_ MiUo) (6ilU" log (D _ 55U b5 (w51U")) (20)
=H(p) - Tr(Z Ailéﬁ@illog(z sjlj&ﬁ@jl)) (21)
= H(p) - Tr(Z Ai 1og(sj)\¢_n><¢3j¢\zﬁj><%l)) (22)
=H(p) - Tr(z_j_: i log(s;)[(v;194) ) (23)
= H(p) Tr(ZJ_Ai log(s7)|(w;|UTU:) ) (24)
=H(p) - Tr(Zj_ i log(sy)| (51¢4) ) (25)
= D(pllo). ’ (26)

Next, we will show that the relative entropy decreases under partial trace, that is,

D(palloa) < D(paslloas)- (27)

We find that L L
D(palloa) = D(pa @ -Z|loa ® =2). (28)
dp dp

Using convexity of the relative entropy together with that there exist unitary transformations U; on the space B
and probabilities p; such that

1p
pa® - = ;ijijBU}, (29)
we obtain
1 1p
D(palloa) :D(pA®T||UA®T) (30)
B B
<> p;D(U;pasU]||U;oa5U)) (31)
j
= p;D(paslloan) (32)
j
= D(pABHO'AB)- (33)

e) D(p|lo) is not a metric. Do this by showing that it is not symmetric.
If D(p||o) is not symmetric, it is not a metric. And it is easy to see that in general

D(pllo) = Tr(plog p — plog o) # Tr(ologo — o log p) = D(a||p) (34)

is not symmetric (you may construct a specific counterexample if you like).



