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Exercise 1. Inverse metric

Prove that

gνσ∂µgνσ =
1

g

∂g

∂xµ
, (1)

where g = det(gµν) is the determinant of the spacetime metric gµν , which depends on the
coordinates xρ.
Hint: You may want to prove first that Tr logM = log detM for a symmetric square matrix M .
In order to do so, you may want to use that any symmetric square matrix M can be diagonalised.

Exercise 2. Curvature tensor

A metric gµν can be described in terms of a line element as ds2 = gµνdx
µdxν . Consider the

metric defined by
ds2 = e2Ω(t,x)

(
−dt2 + dx2

)
, (2)

where Ω(t, x) is a scalar function. Calculate the Riemann tensor Rµνρσ for this spacetime in
components as well as using the tetrad formalism introduced in the lecture.

Exercise 3. Killing vector fields

In Exercise sheet 4 we learned that

(LXY )b = Xa∇aY b − Y a∇aXb . (3)

(a) Since the Lie derivative has the Leibnitz property and commutes with contractions, deduce
from this result the action of the Lie derivative on 1-forms

(LXω)b = Xa∇aωb + ωa∇bXa (4)

and on 2-forms
(LXT )ab = Xc∇cTab + Tcb∇aXc + Tac∇bXc . (5)

Hint: By definition, LXf = Xf = Xa∇af .

(b) Show that the formulae (4) and (5) are in fact independent of the choice of covariant
derivative.

(c) Suppose φt : M →M is a one-parameter group of isometries, φ∗t g = g, where g is the metric
on M . Show that the generating vector field X that is defined by X(f) = d

dt(f ◦ φt)
∣∣
t=0

satisfies the Killing vector equation

∇aXb +∇bXa = 0 , (6)

where ∇a is the covariant derivative with respect to which the metric is covariantly con-
stant.

(d) For the 4-dimensional Minkowski spacetime write down the Killing vectors generating
boosts. Show that they satisfy the Killing equation (6).
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