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Exercise 1. FElectrodynamics
The general covariant form of Maxwell equations is

Ve = —47jp,  VigFpg =0. (1)
Show that these equations imply charge conservation

Vaj*=0 (2)

i) by making use of the antisymmetry Fy, = —Fpq;
ii) by writing Fj; in terms of a potential Ay,
Fop =VaAp — VA, , (3)

and imposing the covariant Lorentz gauge condition V¢A, = 0.

Exercise 2. Pressureless perfect fluid (dust)

The stress-energy tensor of a pressureless perfect fluid (dust) is
™ = puru” | (4)

where p is the energy density and u* the four-velocity. The equations of motion of this model
of matter describe the motion of the fluid. However, in the case of dust they also describe the
motion of the particles themselves, since the distances between the particles are constant. Show
that the covariant conservation of the stress-energy tensor

VoT% =0 (5)

implies that the particles are moving along geodesics.

Hint: Use u,u’ = 2.
Exercise 3. Finstein’s equation and electrodynamics

We denote by T" the stress-energy tensor of electrodynamics.

i) Let A, be the potential (in n dimensions), F,, = 9,4, — d,A,, and

1
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1
F, F* = —ZFWngg“”g”p (6)
the Lagrangian in the absence of sources. Show that

1
TH = FH FY — Z(FagFﬁa)g’“’ . (7)



Hint: Use 1
5g/D£\/—gd"x: —2/DT’“’59W\/—gd"x, (8)

where D C M is a compact region in space-time and d, denotes the variation with respect
to the metric. Furthermore, use (and prove)

1
(69™) gvo = =" (9uu) »  OV=g =35V 978954 - (9)

ii) Show that in four dimensions (n = 4), Einstein’s equations G, = 87T}, with T}, the
stress-energy tensor of electrodynamics, imply R = 0.

iii) Derive the corresponding expression for R in general dimension n.



