A Short Introduction to
Topological Superconductors

--- A Glimpse of Topological Phases of Matter

Jyong-Hao Chen
o5k K] 5%

Condensed Matter Theory, PSI & Institute for Theoretical Physics, ETHZ

PAUL SCHERRER INSTITUT

[_,__: m Ziirich

Dec. 09, 2015 @ Superconductivity Course, ETH 1
jyong-hao.chen@psi.ch




[. Introduction




1980: Integer quantum Hall effect
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Nobel Prize 1985: von Klitzing



Quantum Hall Effect: chiral gapless edge states
Halperin, 1982

Chiral edge state Gapless excitations at the edges
(skipping orbit picture)
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<> Robust chiral gapless edge states against disorder
(no back scattering)



1982: Rise of Topology
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* Quantized Hall conductance Pzy = 75 has a topological origin

* Topological properties — insensitive to small changes of parameters of the
manifold (here, band structure)

~ T > 3 - N A ~ ~ oy
For closed surface : Gauss-Bonnet theoren

dS k = 27(2 — 29)
* Integral of curvature depends only on topology, insensitive to small
deformation of the manifold = topological invariant

Thouless, Kohmoto, Nightingale, and den Nijs, 1982
 TKNN invariant = the first Chern number = integer
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* Universal manifestation: gapless excitation at interface PR R,
between topologically distinct regions n=0 vacuum




General characterization for
topological phases of matter

* Bulk excitation is gapped, possess a bulk topological invariant
* Protected gapless excitations at the boundary

Bulk-boundary correspondence

Insulating 1
@ & & G Conduction band
2l G
@ @ @ |G
trivial insulator o @& @& =\ Valence band
e  MOMENTUM
quantum Hall \AAAAAAAAY
e Conduction band
Robust chiral edgestate, () O O @ g
= IGap A states
as long as band topology OO O >
(84
does not change Valence band
Y Y YT Y Y
MOMENTUM

» Can we have more examples of topologiéal phases of matter?

<> Presence of time-reversal symmetry gives rise to new topological phases
Kane-Mele, PRL 05



2005: Quantum Spin Hall Effect/Z, topological insulator

QSH = two copies of QH states, one for T <€
each spin component, each seeing the Beff
opposite magnetic field.
1
Time reversal symmetric, and can exist
without any external magnetic field. >
Effective magnetic field: Spin-orbital 1 Beff
coupling I
Hsozﬁ’soa(pXE) I ¢
Bernevig and Zhang, 2006
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Experimental observation of HgTe TI
Theoretically predicted in 2006

Bernevig, Hughes, and Zhang, Science, 2006
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Experimentally found in Nov. 2007 Konig et al., Science, 2007

— Measure conductance while tuning E¢ through the bulk energy gap
— edge state conductance 2e?/h observed independent of W and L
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New topological phases of matter

chiral superconductor, quantum Hall insulator,
helical superconductor quantum spin Hall insulator
Chiral gapless Majorana fermions Chiral gapless Dirac fermions

E E
Chiral SC QH

- al
. (o)

(=)
VA

o) = ()
i Helical SC QSH
Helical gapless Majorana fermions Helical gapless Dirac fermions
Majorana fermion: <> Quasiparticle excitations in superconductors posses all

particle = antiparticle the key attributes of Majorana fermions







BCS, BdG, and particle-hole symmetry

* BCS mean field theory: clecle = (cTCT>C c= A*cc
1 C . ) ho A
H— : Z (c’f c) Hogo Bogoliubov-de Gennes 7. — i
" cf Hamiltonian AT —hl
e Built-in anti-unitary particle-hole symmetry B (0 1)
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* Bogoliubov quasiparticle  E
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T _ . i
= Ye=7Y_g Majorana condition

Majorana fermion:
particle = antiparticle

- Zero energy solution E = 0: Majonana zero mode



Majorana zero mode at a vortex

Volovik 1999;

A = A(r)e” ' i
(r) in P,+iP, superconductor N. Read, D. Green, 2000

Boundary condition on fermion wavefunction
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Hole in a topological superconductor threaded by flux
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* Majorana zero modes obey non-Abelian statistics: non-Abelian anyons
» Application to quantum computation: topological guantum computation



Potential material candidate for Majorana zero modes

* The only currently realized bulk (P+iP) superconductors are

- superfluid 3He-A
- unconventional superconductors: Sr,RuO,

» Do Majoranas occur elsewhere?



Superconducting proximity effect

Minimal surface H, =lpT(—iV5 V- u

state model:

VS = Aw:w; +A‘7~/’ﬂ/’1

* Nontrivial ground state supports Majorana
zero mode at vortices

Fu & Kane, PRL, 08
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More examples:
mimic 1D Majorana edge states on TI

1D chiral Majorana edge states at superconductor-magnet interfaces
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e 1D helical Majorana edge states at SC-TI-SC Josephson junction
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Altland-Zirnbauer’s ten-fold way  10=3x3+1

* Quadratic Hamiltonian H=Y yiHapyy A Altland and M. R. Zirnbauer, 1997
* Symmetries  anti-Unitary Symmetries : A
- Time Reversal : OHK)®'=+H(Kk); ©*=+I]
- Particle - Hole : EHEK)E'=—-H(Kk); ZE’=+1
Unitary (chiral) symmetry: TTH&)T' =—H(K) ; [T ®=
Kitaev, 2008;
Schnyder, Ryu,
Furusaki,
Ludwig, 2008

Bott Periodicity d—d+8



Interaction effect

* For example, in some case, breakdown of the topological classification Z

T. Morimoto, A. Furusaki, C. Mudry, 2015

Class T C TIs V, d=1 d=2 d=3 d=4 d=5 d=6 d=7 d=8
A 0 0 0 Copy O Z 0 Z 0 Z 0 Z
AIII 0 0 1 Ciy Zy 0 Zs 0 Z16 0 Zss 0
Al +1 0 0 R,y O 0 0 Z 0 Zo Zo Z
BDI +1 +1 1 R, , ZsZ, 0 0 0 Zy,Zs O Z, Z.,
D 0 +1 0 R, , Z Z 0 0 0 z 0 Z,
DII -1 +1 1 R, , Z, Z Ze 0 0 0 s 0
Al -1 0 0 Ry y O Z Z, Z 0 0 0 Z
ClI -1 -1 1 Ry, Z7Z 0 Z, Zy Ty, Zvs O 0 0
C 0 -1 0 Rey O Z 0 Z, Z, Z 0 0
CI +1 -1 1 R,_; O 0 Z4 0 Zo Zs Zao 0




Learn more?
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<> Youtube

- Charles Kane, Sou-Cheng Zhang, A.J. Leggett, ...

- Prospects in Theoretical Physics 2015-Princeton Summer School on Condensed Matter
Physics

https://pitp.ias.edu/2015/

(Charles Kane, Edward Witten, Xiao-Gang Wen...)

arXiv.org > cond-mat > arXiv:1510.07698

Condensed Matter > Mesoscale and Nanoscale Physics

Three Lectures On Topological Phases Of Matter

Edward Witten
(Submitted on 26 Oct 2015)
These notes are based on lectures at the PSSCMP/PiTP summer school that was held at Princeton University and the Institute for Advanced

Study in July, 2015. They are devoted largely to topological phases of matter that can be understood in terms of free fermions and band
theory. They also contain an introduction to the fractional quantum Hall effect from the point of view of effective field theory.
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